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magnetically coupled nonlinear energy
harvesting systems
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Abstract
Magnets have received broad attention for vibration energy harvesting due to noncontact, nonlinear forces that may
be leveraged among harvesting system elements. Yet, opportunities to integrate multi-directional coupling among a
nonlinear energy harvesting system subjected to impulsive excitations have not been scrutinized, despite widespread
prevalence of such excitations. To characterize these potentials, this research investigates an energy harvesting sys-
tem with magnetically induced nonlinearities and coupling effects under impulsive excitations. A system model is for-
mulated and validated with experimental efforts to reconstruct static and dynamic properties of the system via
simulations. Then, the model is harnessed to scrutinize dynamic response of the system when subjected to impulse
conditions. This research reveals the clear impulse strength dependence and influence of asymmetries on total elec-
trical energy capture and energy conversion efficiency that are tailored by magnetic force coupling. Asymmetry is
found to promote greater impulse-to-electrical energy conversion when compared to the symmetric counterpart
system and a benchmark nonlinear energy harvester. The roles of initial conditions exemplify how stored energy in
an asymmetric energy harvesting system may be released during nonlinear impulsive response. These results provide
insights about opportunities and challenges to incorporate magnetic coupling effects in nonlinear energy harvesting
systems subjected to impulses.
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Introduction

Proliferating microelectronic devices with low electrical
power needs have stimulated demands for self-sufficient
powering solutions, especially by kinetic energy har-
vesting (Randall, 2011; Shenck and Paradiso, 2001).
Propelled by practical aspects of vibration energy har-
vesting, researchers have investigated fundamental
methods of designing and deploying energy harvesters
subjected to diverse kinetic energy sources (Erturk,
2011; Scruggs and Jacob, 2009; Seuaciuc-Osório and
Daqaq, 2010). Among ambient excitation forms, impul-
sive excitations are widespread in natural and engi-
neered environments (Shenck and Paradiso, 2001;
Stacoff et al., 2005; Ylli et al., 2015). Researchers have
studied the dynamic response of linear energy harvest-
ers subjected to direct mechanical impacts (Gu and
Livermore, 2011; Umeda et al., 1996) and noncontact
magnetic force impulses (Kulah and Najafi, 2008;
Pillatsch et al., 2012). Alternatively, stiffness nonlineari-
ties, especially bistability (Erturk and Inman, 2011;
Harne and Wang, 2017; Panyam et al., 2014), have

been investigated to cultivate large amplitude dynamics,
ideal for kinetic energy capture, due to triggering snap-
through behaviors in arbitrary excitation environments
(Harne and Wang, 2014; Masana and Daqaq, 2011;
Tang et al., 2010). The alternating current (AC) power
generation from single bistable energy harvesters result-
ing from impulsive excitations has been closely charac-
terized and shown to be sensitive to initial conditions
(Harne et al., 2016; Wickenheiser and Garcia, 2010).
Exploiting bistable nonlinearities for energy harvesting
from impulsive excitations is thus widely considered as
an opportune means to capture kinetic energies from
many operational environments (Jung and Yun, 2010;
Suhaimi et al., 2014).
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Magnetic forces have played notable roles in such
investigations due to highly adjustable means to trans-
fer impulsive energies without harmful, physical contact
to the harvesters (Kulah and Najafi, 2008; Pillatsch
et al., 2012) and also due to abilities to introduce nonli-
nearities including bistability (Harne et al., 2016;
Wickenheiser and Garcia, 2010). The versatility of such
magnetic forces extends to effecting system dynamics in
multiple dimensions despite uniaxial input. Using two
magnetically coupled bistable beams, Andò et al.
(2013) investigated a bi-directional nonlinear energy
harvester, while Su and Zu (2013, 2014) studied bi- and
tri-directional energy harvesters using similar magneti-
cally coupled structures. Yang and Towfighian (2017a,
2017b) demonstrated that internal resonance and vari-
able potential energy functions may be effective
approaches to improve energy harvesting efficiency and
broaden frequency bandwidth of magnetically coupled
nonlinear energy harvesters. In addition, the interaction
of magnetic forces has also been investigated for use in
magnetoelectric generators for both broadband fre-
quency and multi-directional energy harvesting capabil-
ities (Lin et al., 2016; Yang et al., 2013). Considering
the breadth of investigations, magnetic forces have been
considered to transmit single impulses, to introduce
nonlinearities, or to realize coupling within vibration
energy harvesting systems. Yet, there is still a lack of
knowledge on strategies that integrate these principles
to leverage magnetic forces for impulse transmission
among multiple nonlinear energy harvesters. This
knowledge gap prevents researchers from capitalizing
on magnetic coupling influences in vibration energy
harvesting systems that may be favorably deployed in
the myriad operating environments where impulsive
energies exist.

To shed light on these unknowns, this research
investigates the electrodynamic responses of impul-
sively excited vibration energy harvesters with magne-
tically induced nonlinearity and magnetic coupling
effects. The direct current (DC) power delivery is
examined due to the meaningful nonlinearities intro-
duced by such practical rectification circuitry
(Guyomar et al., 2005; Roundy et al., 2003). The fol-
lowing sections first introduce the platform and
model of the energy harvesting system considered
here. Then, comparisons between numerical and
experimental results are used to validate the model.
Detailed investigations are then undertaken to quan-
tify the influences of asymmetries on the resulting DC
power generation in such magnetically coupled plat-
forms. These dynamic responses are contrasted to a
benchmark case previously studied in the literature to
quantify the electrical enhancement provided by the
system composition and coupling. The major new
findings are summarized in the last section.

An exemplary energy harvester system
with magnetically induced nonlinearity
and coupling

Magnetoelastic structures have multiple advantages for
energy harvesting applications, including the capability
to incorporate a wide range of nonlinear characteristics
(Feeny and Yuan, 2001; Hikihara and Kawagoshi,
1996; Moon and Holmes, 1979; Schaeffer and Ruzzene,
2015) and to couple dynamic responses without direct
elastic interfacing elements (Andò et al., 2013; Kulah
and Najafi, 2008; Pillatsch et al., 2012; Su and Zu,
2013, 2014). One effective use of magnetic forces to tune
nonlinearities is to use a pair of repulsive magnets such
that a magnet, fixed to a reference frame, is positioned
along the centerline of a movable magnet attached to
the free tip of a cantilevered energy harvester beam
(Erturk et al., 2009). Similar principles have been used
to couple multiple cantilevers (Andò et al., 2013; Su
and Zu, 2013). Building from such understanding of
opportunities via magnetic force interactions, in this
research two nonlinear piezoelectric cantilevers are
studied, which use repulsive magnet pairs to introduce
nonlinearities and tailor beam coupling.

Figure 1(a) shows a photograph of the experimental
setup. Each harvester beam is formed by a piezoelectric
cantilever (Midé Technology) clamped in an aluminum
mount with an aluminum magnet holder and a neody-
mium magnet at the cantilever tip. The magnets
attached to the ends of the cantilevers are
hereby termed ‘‘magnet 1’’ and ‘‘magnet 2’’ as shown in
Figure 1(b). A magnet fixed to the reference frame is
also incorporated, termed ‘‘magnet 3,’’ to induce a
broad range of nonlinearities. Based on the magnetic
polarizations indicated in Figure 1(b), the force
between magnets 1 and 2 at the tips of the cantilevers is
repulsive. The fixed magnet 3 also creates repulsive
force with respect to magnet 2 on the cantilevered har-
vester beam 2 tip, while magnet 3 and magnet 1 on the
cantilevered harvester beam 1 free tip result in attrac-
tive forces. For AC–DC voltage conversion, diode
bridge rectifiers and smoothing circuits are connected
to the outputs of the piezoelectric beams. For brevity
of notation hereafter, the two piezoelectric energy har-
vesting cantilevers are termed ‘‘beam 1’’ and ‘‘beam 2’’
in accordance with labels in Figure 1(b).

Modeling of the magnetically coupled
nonlinear energy harvester system

A model is formed of the energy harvesting system
shown in Figure 1 to provide more effective insight
than that obtained through exhaustive number of
experiments that may involve small uncertainties in the
undertaking. The model presumes that each cantilever
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oscillates in its lowest order vibration mode, to reduce
the partial differential equations of motion to the equa-
tion respecting only the lowest order generalized displa-
cement (Erturk and Inman, 2009). Thus, using
Newton’s and Kirchhoff’s laws the governing equations
of motion for the magnetically coupled nonlinear
energy harvester system are derived

m1€x1 + c1 _x1 + k11x1 + k31x3
1 +a1vp1 =F21 +F31 ð1aÞ

m2€x2 + c2 _x2 + k12x2 + k32x3
2 +a2vp2 =F32 +F12 ð1bÞ

Cpi _vpi + Ii =ai _xi i= 1, 2ð Þ ð1cÞ

In equation (1), x1 and x2 denote the lowest order gen-
eralized translational displacements of the two cantile-
vers termed beam 1 and beam 2, respectively;
mi (i= 1, 2) denote the equivalent mass of each cantile-
ver in addition to the respective tip mass; ci, k1i, and
k3i (i= 1, 2) are, respectively, the viscous damping, lin-
ear stiffness, and nonlinear stiffness of beam 1 and 2,
using conventional large deflection theory to yield the
nonlinear stiffness terms (Hodges, 1984); the electrome-
chanical coupling effects for two beams are quantified
by parameters ai (i= 1, 2); the AC voltages from two
piezoelectric beams are represented by vpi (i= 1, 2); the
internal capacitances of the piezoelectric beams are
Cpi (i= 1, 2); and the overdot operator represents dif-
ferentiation with respect to time t.

The rectifiers are assumed to be perfect. Therefore,
the AC from the piezoelectric beams is denoted by
Ii(t) (i= 1, 2) and related to the AC voltages vpi and
DC voltages vri (i= 1, 2) by (Shu and Lien, 2006)

Ii(t)=

Cri _vri +
vri

Ri
, if vpi = vri

�Cri _vri � vri

Ri
, if vpi =� vri (i= 1, 2)

0, if vpi

�� ��\vri

8<
: ð2Þ

Here, Cri and Ri (i= 1, 2) are the smoothing capacitors
and load resistances, respectively, used for each rectifier

circuit shown in Figure 1(b). The piezoelectric harvester
beams in the experimental setup are bimorphs and are
composed of sequential polyimide and steel shim
layers. Each polyimide layer contains a portion of
PZT-5H and a circuit lead. A central polysulfone layer
prevents shorting between the PZT of the adjacent
unimorphs from one half of the beam thickness to the
other. Despite the seven layers of material for each
beam, the total mass of each beam, including the circuit
tabs shown at the bottom left of Figure 1(a), is around
1 g. Correspondingly, the aluminum magnet holder
and neodymium magnet held at each cantilever beam
tip have a total mass of around 5.6 g. As a result, the
mass ratio between the total tip mass and the cantilever
beam is relatively large, so that rotation of the beam
tips is not negligible. The rotational motion is especially
important because it governs the magnetic forces.
Thus, in the model the rotations of the beam tips are
taken into account, as shown in Figure 2. The rotations
of the tips of beams 1 and 2, respectively, generate
angles u1 and u2. In addition, as shown in Figure 2, the
imperfection in the alignment of magnet 3 is also con-
sidered by a small angle u3 deviation away from the ref-
erence coordinate system.

To account for the rotation of the piezoelectric can-
tilever tips, the transverse vibration of each cantilever
wi (x, t) is characterized by the lowest order motion

wi x, tð Þ= xi(t)fi(x) ð3Þ

where xi and fi denote the lowest order generalized dis-
placement and normal mode for each cantilever beam,
and i= 1, 2 is the index for beams 1 and 2.

The lowest order normal mode for each cantilever is

fi(x)=C1, icosb1, ix+C2, isinb1, ix+C3, icoshb1, ix

+C4, isinhb1, ix

ð4Þ

Figure 1. (a) Photograph of experimental energy harvester composition and location where impulses are applied. (b) Top view
schematics of energy harvester platform and rectifier circuits.
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where C1, i, C2, i, C3, i, and C4, i (i= 1, 2) are four con-
stants that may be reduced to relations to just one con-
stant using the clamped-free boundary conditions.
Thus, the lowest order normal mode for each cantilever
is expressed as

fi(x)=C4 sinb1, ix� sinhb1, ix
� �

�
sinb1, ili +sinhb1, ili

cosb1, ili +coshb1, ili

cosb1, ix� coshb1, ix
� �� �

ð5Þ

The lowest order normal mode is normalized such
that the modal displacement at the cantilever tip is
unity (Zhang et al., 2017). Consequently, given that the
cantilever beam lengths are li i= 1, 2ð Þ, the constant
parameter C4 is

C4 =
1

sinb1, ili � sinhb1, ili

� �
� sinb1, ili +sinhb1, i li

cosb1, ili +coshb1, i li
cosb1, ili � coshb1, ili
� �h i i= 1, 2ð Þ ð6Þ

In equations (4) to (6), b1, i i= 1, 2ð Þ is the first
eigenvalue determined from the frequency equation

1+
1

cosbn, ilicoshbn, ili
� Ribn, ili tanbn, ili � tanhbn, ili

� �

= 0 i= 1, 2ð Þ
ð7Þ

where Ri =(mti=riAili) (i= 1, 2) denotes the mass ratio
of each cantilever beam; mti (i= 1, 2) is the cantilever
tip mass that is the mass of the aluminum magnet
holder and neodymium magnet; and ri and Ai (i= 1, 2)
are the density and cross-sectional area of each cantile-
ver beam.

As the piezoelectric beams oscillate, magnets 1 and 2
rotate by

ui =w0i li, tð Þ=
cosb1, ili � coshb1, ili
� �

� sinb1, i li +sinhb1, ili
cosb1, i li +coshb1, i li

�sinb1, ili � sinhb1, ili

� �
sinb1, ili � sinhb1, ili
� �

� sinb1, i li +sinhb1, i li
cosb1, i li +coshb1, ili

cosb1, ili � coshb1, ili
� � b1, ixi(t) (i= 1, 2) ð8Þ

With the knowledge of the beam tip rotations, using
the notation of Figure 2, the total displacements of the
harvester beam tips from undeflected positions are

di = xi + asin uið Þ i= 1, 2ð Þ ð9Þ

where a denotes half of the side length of the square
magnets.

After defining the rotations of magnets 1 and 2, the
magnetic forces are determined. Fmn in equation (1)
denote the magnetic force acting on magnet n due to
the effects of magnet m along the transverse direction of
either î or ĵ as indicated in Figure 2. Based on a dipole–
dipole model (Stanton et al., 2010; Yung et al., 1998),
the magnetic forces are

F21 =
3m0M1V1M2V2

4p

5r12, ĵA1, 21 +A2, 21 r2
12, î

+ r2
12, ĵ

� �

r2
12, î

+ r2
12, ĵ

� �7=2

ð10aÞ

F31=
3m0M1V1M3V3

4p

�5r13, ĵA1, 31 +A2, 31 r2
13, î

+ r2
13, ĵ

� �

r2
13, î

+ r2
13, ĵ

� �7=2
ð10bÞ

F12 =
3m0M1V1M2V2

4p

�5r12, îA1, 21 +A3, 21 r2
12, î

+ r2
12, ĵ

� �

r2
12, î

+ r2
12, ĵ

� �7=2

ð10cÞ

F32 =
3m0M2V2M3V3

4p

�5r23, îA1, 32 +A3, 32 r2
23, î

+ r2
23, ĵ

� �

r2
23, î

+ r2
23, ĵ

� �7=2

ð10dÞ

where

A1,mn=ðrnm, îcosun+rnm, ĵsinunÞðrnm, îcosum+rnm, ĵsinumÞ
ð11aÞ

A2,mn = rnm, îsin un + umð Þ
+ 2rnm, ĵ sinunsinum +cos un � umð Þð Þ

ð11bÞ

A3,mn = 2rnm, î cosuncosum +cos un � umð Þð Þ
+ rnm, ĵsin un + umð Þ

ð11cÞ

In equation (9), m0 is the permeability constant
4p 3 10�7 N=A2; Mn and Vn (n= 1, 2, 3) represent the
magnetization and magnet volume of each magnet,
which collectively determine the magnetic moment val-
ues mn =MnVn (n= 1, 2, 3) as shown in Figure 2; rnm, î

and rnm, ĵ are the components of the position vectors in
the î and ĵ directions, respectively, for magnet n with
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respect to magnet m. Based on the schematic shown in
Figure 2, the position vectors are

~r12 = r12, î̂i+ r12, ĵ̂ j=� L+ d2 +D2 + a 1� cosu1ð Þð Þ̂i
+ d1 +D1 + a 1� cosu2ð Þð Þ̂j

ð12aÞ

~r13 = r13, î̂i+ r13, ĵ̂j=� L+ a 1� cosu1ð Þð Þ̂i
� H � d1 � D1ð Þ̂j

ð12bÞ

~r21 = r21, î̂i+ r21, ĵ̂ j= L+ d2 +D2 + a 1� cosu1ð Þð Þ̂i
� d1 +D1 + a 1� cosu2ð Þð Þ̂j

ð12cÞ

~r23 = r23, î̂i+ r23, ĵ̂ j= d2 +D2ð Þ̂i� H + a 1� cosu2ð Þð Þ̂j
ð12dÞ

where L and H denote the spacing parameters respect-
ing the reference coordinate system; D1 is the center off-
set distance between magnets 1 and 2; and D2 is the
center offset distance between magnets 2 and 3. These
notations are shown in Figure 2.

The model presented above is suitable to determine
the electrodynamic responses of the magnetically
coupled nonlinear energy harvesting system induced by
impulsive events. This model is utilized in subsequent
sections of this work to probe the parametric

sensitivities of the system not immediately apparent via
the intricate equations of motion and positional
relations.

Experimental and simulation methods

Measurements from the experimental setup shown in
Figure 1(a) are acquired using the following methods.
The transient electrodynamic responses induced by
impulses on beam 2 are the source of the system
dynamics considered in this work. The impulses are
applied at the point indicated by the red arrow in
Figure 1(a) using fast manual taps. Such impulses may
be envisioned to originate from diverse energies such as
human motion-based (Ylli et al., 2015) or
transportation-based (Ansari and Karami, 2015)
impulses. The beam tip displacements, corresponding
to the displacements of magnets 1 and 2 at the cantile-
ver tips, are measured by two laser displacement sen-
sors (ILD-1420; Micro Epsilon). The harvester beam
tip velocities are derived from the displacement data.
The AC voltage and rectified DC voltage across load
resistances are collected independently for each piezo-
electric beam. All channels of data are recorded at a
sampling frequency of 4096 Hz and digitally filtered by
a low-pass filter below 200 Hz. The experimentally
identified system parameters are shown in Table 1. The
equivalent masses mi (i= 1, 2) are obtained according
to harvester beam properties and dimensions with
respect to the assumed lowest order mode response of a
cantilever. The natural frequencies (and thus linear
stiffnesses k1i (i= 1, 2)) and damping constants
ci (i= 1, 2) are obtained by evaluating transient, free
vibration responses of each beam. With the knowledge
of the stable equilibrium positions in accordance with
the single-degree-of-freedom response assumed for each
beam, the parameters k3i (i= 1, 2) are then computed.
The properties of magnet are approximated from the
manufacturer-supplied information, while the piezo-
electric cantilever properties are measured directly or
obtained from the manufacturer.

To validate the energy harvesting system model and
to build detailed knowledge on the system characteris-
tics, direct numerical simulations of the governing
equations are undertaken using fourth-order Runge–
Kutta numerical integration. Simulation results pre-
sented in the following sections use the experimental

Figure 2. Detailed schematics of the coordinate system,
spacing parameters, and magnetic moment vectors. The
deflected and rotated positions of the magnets are shown by
shaded squares, while the undeflected positions of magnets 1
and 2 are indicated by hollow dashed squares.

Table 1. Experimentally identified system parameters (i = 1, 2).

mi (g) ci (N s=m) k1i (N=m) k3i (MN=m3) ri (kg=m3) Ai (mm2) li (mm) a (mm)

7.0 0.03 320 3.28 3500 7.5 34 3.175

ai (mN=V) Cpi (nF) Cri (mF) Ri (kO) M1 (MA=m) M2, M3 (MA=m) V1, V2, V3 (cm3)

0.2 5 2.2 1000 1.1 1.25 0.768
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parameter values given in Table 1. For dynamic simula-
tions, the impulse–momentum theorem is used to corre-
late a given initial energy input to a harvester beam to
the corresponding initial velocity used for the transient
simulations. When compared to the measurements,
simulations use the initial velocities identified from the
experimental data. At least 100 periods of oscillation
are computed for each set of initial conditions to cap-
ture sufficient durations of nonlinear impulse responses
for sake in the subsequent numerical data post-
processing.

With such numerical and experimental findings, this
research seeks to close the knowledge gap regarding
opportunities to exploit magnetic nonlinearity and cou-
pling effects in an impulsively excited energy harvesting
system. Due to the severe nonlinearities, multi-
dimensional motions, and intricate equation system
that represents the full electrodynamic responses, ana-
lytical efforts are not currently considered because nec-
essary simplifying assumptions may reduce the fidelity
of the insights. Such theoretical work may be consid-
ered in future research efforts.

Results and discussion

Validation of static equilibria and study of potential
energy profiles

To verify the modeling of the strongly nonlinear mag-
netic forces and moments that couple together the
energy harvesting system motion, the static, stable equi-
libria of the piezoelectric cantilever tip magnets are first
studied as functions of change in the position of mag-
net 3. Figure 3 demonstrates the results from experi-
ments and simulations, generated by incremental
change in the position of magnet 3 which correspond-
ingly changes the stable equilibria of magnets 1 and 2.
Note that stable equilibria of magnets 1 and 2 are
denoted by the total displacement di (i= 1, 2) of the
harvester beam tips from the undeflected positions
shown in Figure 2. The solid curves in Figure 3

represent the experimental measurements for the case
that the distance H , between magnet 3 and magnet 2, is
varied from 30 to 17 mm at a nearly quasi-static rate.
Prior to this change in the distance H , the starting sta-
ble equilibria are set to zero, that is, di = 0 (i= 1, 2).
The positive directions of di (i= 1, 2) in Figure 3 agree
with displacements of magnets 1 and 2 in the ĵ and î

axes, respectively, as shown in Figure 2.
Starting from the combination of stable equilibria

given by (d1, d2)= (0, 0), the attractive force F31 acting
on magnet 1 due to magnet 3 as H decreases causes
beam 1 to move toward the approaching magnet 3,
while the stable equilibrium of beam 2 is relatively unaf-
fected. Yet, once the distance between magnet 3 and
magnet 2 is sufficiently small, the repulsive force F32

overcomes the elastic restoring forces of the cantilever
and deflects beam 2 from d2 = 0. As such, the stable
equilibrium of beam 2 may take on either positive or
negative values, which evidences that beam 2 exhibits a
bistable nonlinearity well known for such repulsive
magnet pair in energy harvesting contexts (Stanton
et al., 2010). In addition, due to the associated bifurca-
tion between the monostable and bistable system con-
figurations, the stable equilibria may vanish around the
bifurcation point (Stanton et al., 2010). In consequence,
a discontinuity exists between the separate stable equili-
brium ‘‘branches’’ shown in Figure 3, which suggest
that small asymmetries exist in the system (Virgin and
Wiebe, 2013). As the distance H decreases further, the
stable equilibrium position in d1 increases if the stable
equilibrium location of beam 2 d2 takes on negative val-
ues indicating that the beam 2 tip is closer to the beam
1 tip. Alternatively, if the stable equilibrium deflections
of beam 2 d2 take on positive values, which represent
greater distances from beam 1, the stable equilibrium
positions d1 for beam 1 remain around the value of
+1 mm.

Numerical simulations of the stable equilibria are
concurrently undertaken. Data points in Figure 3 cor-
respond to the simulation results. To account for the
nuanced asymmetries and imperfectly known para-
meters of the experiments, the simulation results are
generated considering that the distance H decreases
from 30 to 17 mm, while the distance L slightly
increases from 23 to 25 mm. In addition, offset values
are included as determined experimentally, including a
constant small rotation angle u3 = 28 on magnet 3 and
displacement offsets D1 = 1:5mm, D2 =� 1:15mm,
where the variable notation is shown in Figure 2. Due
to the strongly nonlinear magnetic forces, the small off-
set values are found to be critical to take into account
for accuracy in the response prediction. The offset val-
ues used are identified from the experiments. The simu-
lation results shown in Figure 3 are in good qualitative
and quantitative agreement with the experimental mea-
surements. This supporting comparison validates the
accuracy of the model to accurately account for the

Figure 3. Experimentally measured static equilibria (solid line)
of magnets 1 and 2 at the cantilever tips and the corresponding
simulation results (data point) when the distance H is decreasing
in the directions as indicated by arrows.
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strong nonlinearity and coupling induced by magnetic
forces in the energy harvesting system.

Bistable structures may release stored energy when
acted upon by impulses (Simitses, 1990). Consequently,
understanding how the potential energy profiles of the
cantilevers vary due to change in the position of magnet
3 is critical to understand the roles of stored and
released energies when compared to input and captured
energies in the vibration energy harvesting context. The
validated model equations are then used to generate the
potential energy profiles shown in Figure 4 using the
distance parameters L = 26 mm and H = 18.5 mm,
displacement offsets D1 = 1:5mm and D2 =� 1:15mm,
and alignment angle u3 = 08. The static equilibria of
the harvester beams are indicated by filled circles in
Figure 4.

For these parameters, the stable equilibria of the
beam 1 tip are shown in Figure 4(a) as d1 = 2.323 mm
(S1) and d1 = 1.477 mm (S2), while the stable equili-
bria of the beam 2 tip are shown in Figure 4(b) as d2 =
21.967 mm (T1) and d2 = 4.183 mm (T2). Clearly,
these stable equilibria are the local minima of the
potential energy profiles shown by curves in Figure 4.
The dashed and solid curves in Figure 4(a) are, respec-
tively, evaluated when the tip magnet for beam 2 rests
at T2 and T1. It is evident by the constant convexity of
the potential energy profiles that the harvester beam 1
is monostable regardless of the equilibria adopted by
the beam 2 tip magnet. On the other hand, Figure 4(b)
shows the double-well potential energy profiles of beam
2 which are evident of bistable nonlinearity. The solid
and dashed curves in Figure 4(b) are evaluated when
the tip magnet for beam 1 rests at positions S1 and S2.
For these cases, the potential energy profiles of beam 2
are nearly mirror symmetric. This suggests an equiva-
lence of dynamic response regardless of around
which of the stable equilibria the beam tip magnet mass
may oscillate. Yet, it is clear that a small potential
energy difference exists between the two profiles of

Figure 4(b). Thus, due to impulsive excitation, beam 2
may release stored potential energy if an impulse acts
on it while it rests in the local (but not global) equili-
brium. As such, one may anticipate that greater electri-
cal energy capture may result, although this energy
conversion is not externally input by the impulse. This
particular nuance of mechanical properties in nonlinear
and magnetically coupled energy harvesters encourages
the following careful quantification of energy ‘‘gener-
ated’’ from the impulsive excitations. As anticipated, and
as studied in the latter sections of this report, by chang-
ing the distance parameters L and H , asymmetric bistable
potential energy profiles for beam 2 may be induced.

Validation of electrodynamic, nonlinear impulse
responses

To assess the accuracy of the model to predict the
dynamic behaviors of the magnetically coupled non-
linear vibration energy harvesting system, transient
impulse responses from experiments and simulations
are compared. The amplitudes of impulses on the beam
2 tip magnet are quantified by the initial velocity ampli-
tude. By way of experimental data acquisition, the
static equilibria S2 and T2 are associated with zero dis-
placement values, which is equivalent to uniform shifts
of displacement di (i= 1, 2) when compared to the dis-
placement notation in simulations. Despite the uniform
displacement shift, the relative displacements observed
in simulation and experiment are directly comparable.
Here, the distance parameters are L = 26 mm and
H = 18.5 mm, displacement offsets are D1 = 1:5mm
and D2 =� 1:15mm, and the alignment angle is
u3 = 08. Altogether, these parameters result in mirror
symmetry in the beam 2 double-well potential energy
profile shown in Figure 4(b).

When a small initial velocity perturbation is applied
to beam 2, the transient impulse responses are presented

Figure 4. (a) Static stable equilibria (S1, S2) and potential energy profile of beam 1 evaluated when beam 2 is fixed at stable
equilibria T1 (solid) and T2 (dashed); (b) static stable equilibria (T1, T2) and potential energy profile of beam 2 as evaluated when
beam 1 is fixed at stable equilibria S1 (solid) and S2 (dashed).
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in Figure 5. Figure 5(a) and (b) shows the experimen-
tally measured responses of (a) beam tip displacement
and (b) AC and DC voltages over a 1-s duration imme-
diately after the impulse is applied. The small impulse is
equivalent to an initial velocity of 0.108 m/s on beam 2.
Beam 2 generates a small peak displacement amplitude
around 1 mm and a DC voltage peak of about 1.38 V.
Remnant charge stored on the smoothing capacitor
C2 explains the nonzero DC voltage at the initial time.
Comparatively, beam 1 is nearly motionless with
insignificant voltage generation. Simulation results
with 0.11 m/s initial velocity on beam 2 as shown in
Figure 5(c) and (d) demonstrate comparable trends as
experiments. Imperfect knowledge of initial experi-
mental conditions encourages small deviation of the
initial velocity to obtain comparable trends. These
results as shown in Figure 5 are intuitive because,
when the beam 1 and 2 tip magnets oscillate around
the stable equilibria S2 and T2 with small amplitude
oscillations, the distance between the tip magnets 1
and 2 is large. As such, the magnetic forces generated
between them are small and a small amount of the

impulse into beam 2 will be transmitted to beam 1.
Overall, these small amplitude transient responses
demonstrate a good agreement between experiments
and simulations for validation purposes.

The small amplitude motions in Figure 5 are of less
importance in the context of capturing and converting
impulsive kinetic energy to electrical power. Figure 6(a)
and (b) then shows the measured transient responses
induced when the initial velocity amplitude on beam 2
is increased to 0.27 m/s. The initial stable equilibria are
S2 and T2. It can be seen from Figure 6(a) that this
greater impulse causes a transition from one stable equi-
librium to the other for beam 2 such that it comes to
rest and oscillates around the stable equilibrium closer
to magnet 1. In this situation, the tip magnet on beam 1
is acted upon by the greater magnetic coupling forces
and causes greater electrodynamic oscillations. These
coupled behaviors result in greater DC voltage outputs
of around 1.46 and 2.42 V from beams 1 and 2, respec-
tively, as shown in Figure 6(b). The simulation results
in Figure 6(c) and (d) are in good agreement with the
qualitative and quantitative trends of the experiments.

Figure 6. Experimental measurements of (a) harvester beam tip magnet displacements and (b) AC and DC voltages for an initial
velocity on beam 2 of 0.27 m/s. (c, d) Corresponding simulation results with an initial velocity on beam 2 of 0.25 m/s.

Figure 5. Experimental measurements of (a) harvester beam tip magnet displacements and (b) AC and DC voltages for an initial
velocity on beam 2 of 0.108 m/s. (c, d) Corresponding simulation results with an initial velocity on beam 2 of 0.11 m/s.

Dai et al. 2381



The more nonlinear oscillations shown in Figure 6
reveal clear interactions between the two magnetoelastic
harvester beams. The oscillations shown in Figure 5 for
the smaller impulse input are mostly linear and weakly
coupled, while the electrodynamic oscillations in Figure
6 provide evidence for strong coupling forces between
magnets 1 and 2 for impulse transmission and greater
electrical energy conversion.

Based on the transient responses examined in
Figures 5 and 6, the magnetically coupled nonlinear
energy harvesting system cultivates a wide range of DC
voltage output as a function of impulse strength, in
proportion to the initial velocity on beam 2. Figure 7
provides a more comprehensive assessment of the influ-
ence of initial velocity. Figure 7(a) shows the experi-
mental results of total electrical energy generation as a
function of the initial velocity on beam 2. Each data
point in Figure 7(a) is a single measurement of the inte-
gration of instantaneous DC power for 1.5 s after the
impulse is applied, which is sufficient for the transient
electromechanical responses to diminish to negligible
values. All stable equilibrium combinations for beams
1 and 2 are considered in the experiments according to
the near-mirror-symmetric double-well potential energy
profile of beam 2. The solid curve in Figure 7(a) is the
moving average of the individual measurements. Based
on energy conservation principles, it is intuitive that the
total electrical energy increases with a parabolic trend
as the initial velocity on beam 2 increases. Figure 7(b)
shows the corresponding simulation results obtained by
24 evaluations at each initial velocity using random ini-
tial conditions of displacement normally distributed
around the stable equilibria. In Figure 7(b), each dot
corresponds to an individual simulation result com-
puted by integrating instantaneous DC power over 100
periods after impulses are applied, while the squares
are the mean total energy values. The 100-oscillation
period time duration is similarly chosen to be sufficient
to allow transient behaviors to decay. The random

variations of initial displacement explain the deviations
of the total electrical energy generated in a given simu-
lation. A similar parabolic relationship between the ini-
tial velocity on beam 2 and the total electrical energy
generated is observed in the simulation results as that
observed experimentally.

These results validate the model in its accurate
characterization of the nonlinear dynamic coupling
influences present between the piezoelectric cantilevers
of the energy harvesting system. Yet, the results in
Figure 7 are also not surprising based on conservation
of energy principles and do not shed special light on the
roles of the magnetic coupling in the nonlinear energy
harvesting system toward promoting enhanced electrical
energy conversion. Indeed, as exemplified through the
results of the following section, it is the tuning of con-
figurational asymmetry in the harvesting system that
gives rise to more energetic dynamic behaviors better
suited for energy harvesting than the more symmetri-
cally configured system investigated in this section.

Examinations of the magnetically coupled nonlinear
energy harvesting system with asymmetry

Moving beyond the special case when the harvester
beam 2 has a near-mirror-symmetric double-well poten-
tial energy profile, this section scrutinizes the roles of
asymmetric double-well potential energy profiles of
beam 2 on the resulting electrical energy capture. Here,
the validated model and simulation approach are lever-
aged to characterize the electrodynamic behaviors
induced by the asymmetric configurations of the mag-
netically coupled nonlinear energy harvesting system.
Asymmetric profiles of potential energy for beam 2 are
achieved by changing the offset distance between mag-
nets 2 and 3, while all other spacing parameters remain
the same as in the symmetric case. Figure 8(a) and (b)
shows the asymmetric beam 2 potential energy profiles
and the corresponding stable equilibria when the

Figure 7. (a) Experimental measurements of total electrical energy generation (dots) and the moving average (solid curve) for
different initial velocities on beam 2. (b) Corresponding simulation results evaluated at discrete initial velocities.
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magnet center offset distance between magnets 2 and 3
are D2 =� 1:3mm and D2 =� 1:05mm, respectively.
The corresponding potential energy profiles for beam 1
are not found to be greatly influenced by these small
offset parametric deviations, so the potential energy
profiles for beam 1 are not shown for the sake of brev-
ity. The solid and dashed potential energy profiles in
Figure 8 are evaluated in accordance with the respective
pairs of beam 1 stable equilibria.

It can be seen from Figure 8(a) that when
D2 =� 1:3mm, the beam 2 tip magnet has stable equi-
libria at d2 = 22.325 mm (U1) and d2 = 3.417 mm
(U2). The potential energy for the stable equilibrium U1

is 0.183 mJ less than the energy at stable equilibrium
U2. On the other hand, It can be seen from Figure 8(b)
that when D2 =� 1:05mm, the beam 2 tip magnet has
stable equilibria at d2 =21.567 mm (V1) and
d2 = 4.443 mm (V2). The potential energy of beam 2
at stable equilibrium V1 is 0.136 mJ greater than that at
stable equilibrium V2. As exemplified in Figure 8, the
minor parametric deviations on the offset distances give

rise to large asymmetries between the relative potential
energies of the two stable equilibria for beam 2. For
the case of D2 =� 1:3mm, the global minimum of
potential energy is at U1, whereas for D2 =� 1:05mm
the global minimum is at V2. This suggests that the
basins of attraction for U1 and V2 are, respectively,
greater than those for the alternate metastable states
U2 and V1 (Kozinsky et al., 2007).

Using the two distinct asymmetric setups as shown
in Figure 8, simulations are conducted to investigate
the nonlinear impulse responses of the magnetically
coupled nonlinear energy harvesting system. The results
shown in Figure 9(a) and (b) and Figure 10(a) and (b)
correspond to the asymmetric system configuration
with beam 2 potential energy profiles shown in Figure
8(a) such that a bias exists to the stable equilibrium with
a negative value of d2. The results in Figures 9(c) and
(d) and 10(c) and (d) correspond to the other asym-
metric setup according to the beam 2 potential energy
profiles in Figure 8(b), which introduces a bias toward
the stable equilibrium with a positive value of d2. The

Figure 8. Potential energy profiles of the harvester beam 2 with magnet center offset distance between magnets 2 and 3 of
(a) D2 =� 1:3 mm and (b) D2 =� 1:05 mm.

Figure 9. Simulation results of time series responses with an initial velocity on beam 2 of 0.25 m/s: (a, b) magnet center offset
distance between magnets 2 and 3 is D2 =�1:3 mm, and beam 2 initially rests at stable equilibrium U1; (c, d) magnet center offset
distance between magnets 2 and 3 is D2 =�1:05 mm, and beam 2 initially rests at stable equilibrium V1.
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initial velocity applied to beam 2 is 0.25 m/s throughout
the simulations shown in Figures 9 and 10. The differ-
ence between the results in Figures 9 and 10 and indi-
vidual simulations is the initial stable equilibria.

Figure 9 presents the outcomes when beam 2 is ini-
tially perturbed from stable equilibria U1 or V1 in
which case the beam tip magnets 1 and 2 are in closer
proximity. As shown in Figure 9(a) and (b), after the
impulse is applied, beam 2 continues to oscillate
around stable equilibrium U1, which generates suffi-
cient magnetic force fluctuations that beam 1 also
vibrates with comparable displacement amplitude.
Consequently, the DC voltages rise up to around 1.72
and 2.28 V from the harvester beams 1 and 2, respec-
tively. On the other hand, for the alternate state of
asymmetry, it can be observed from Figure 9(c) and (d)
that the same impulse is sufficient for beam 2 to jump
from stable equilibrium V1 to V2. A long transient ring-
down response then occurs around stable equilibrium
V2 for beam 2. Due to the snap-through dynamic
exhibited by beam 2, beams 1 and 2 are farther away.
Yet, there is still adequate magnetic force coupling
before beam 2 snaps through to cause beam 1 to
vibrate with notable displacement amplitude. The
induced DC voltages from the harvester beams 1 and 2
are up to 2.30 and 4.37 V, respectively. The 0.136-mJ
potential energy difference for beam 2 between stable
equilibria V1 and V2 shown in Figure 8(b) helps explain,
in part, the difference in overall DC voltage outputs
shown in Figure 9(b) and (d).

With the same impulse of initial velocity on beam 2,
Figure 10 presents the transient, nonlinear impulse
response behaviors for the two asymmetric structural
configurations when beam 2 initially rests at either U2

or V2 in which case the harvester beam tip magnets 1
and 2 are more distant from each other. It is demon-
strated from Figure 10(a) and (b) that the impulse is
sufficient for beam 2 to snap through from the stable
equilibrium U2 to U1, and finally to oscillate around U1

that is closer in proximity to beam 1. The nearness of
the harvester beam tip mass magnets induces consider-
able magnetic force coupling and thus energetic AC
voltage generation. The resulting DC voltages increase
up to around 2.96 and 3.94 V, respectively, for har-
vester beams 1 and 2 as shown in Figure 10(b).
Comparatively, from Figure 10(c) and (d) it can be seen
that such impulse induces vibrations of beam 2 around
the stable equilibrium V2. Weaker magnetic force cou-
pling is thus created between the harvester beams and
beam 1 experiences insignificant oscillations. Although
the DC voltage from harvester beam 2 is nearly 3.64 V
in this case, the DC voltage from beam 1 is just 0.75 V.
Here the enhanced DC voltage generation can likewise
be partly explained by the potential energy release
that beam 2 experiences in transitioning from a resting
state of U2 to a final resting state of U1 which occurs in
the results of Figure 10(b) but not in the example of
Figure 10(d).

A quantitative contrast may be made to emphasize
the unique magnetic force coupling manifest in the
asymmetric configurations of the energy harvesting sys-
tem. From Figures 9(b) and 10(b), the ratios of maxi-
mum DC voltage outputs between the harvester beams
1 and 2 are 0.754 and 0.751, respectively. This asym-
metric configuration exhibits a global minimum of
potential energy for beam 2 such that it comes to rest
with negative values of d2, which are nearer to har-
vester beam 1 and its tip magnet. Thus, this asymmetric
configuration yields consistent ratios of the DC vol-
tages due to a more influential force coupling between
the harvester beams via the corresponding tip magnets.
This contrasts with the asymmetric system configura-
tion studied in Figures 9(d) and 10(d) whereby the glo-
bal minimum of potential energy for beam 2 is such
that that beam comes to rest with positive values of d2.
In this case, the results in Figures 9(d) and 10(d) show
that the ratios of maximum DC voltage outputs
between the harvester beams 1 and 2 are 0.526 and

Figure 10. Simulation results of time series responses with an initial velocity on beam 2 of 0.25 m/s: (a, b) magnet center offset
distance between magnets 2 and 3 is D2 =� 1:3 mm, and beam 2 initially rests at stable equilibrium U2; (c, d) magnet center offset
distance between magnets 2 and 3 is D2 =� 1:05 mm, and beam 2 initially rests at stable equilibrium V2.
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0.206, respectively. Thus, the relative nearness of the
stable equilibrium positions for beams 1 and 2 is
strongly correlated to the relative impulsive energy
transfer achieved due to the noncontact magnetic force
coupling in the system.

The frequency response of these nonlinear impulse
responses sheds further light on the coupling influences
and the resulting charging power generation. To estab-
lish a baseline of relevant natural frequencies of free
oscillation, the equation (10) for the magnetic forces is
linearized using Taylor series expansions around stati-
cally stable equilibria

F21’b21, 1x1 +b21, 2x2 ð13aÞ

F31’b31, 1x1 ð13bÞ

F12’b12, 1x1 +b12, 2x2 ð13cÞ

F32’b32, 2x2 ð13dÞ

where bmn, i (i= 1, 2) denote the coefficients provided in
Appendix 1 that relate the magnetic force acting on
magnet n due to the effects of magnet m along the trans-
verse direction of either î or ĵ as indicated in Figure 2.

The undamped eigenvalue problem for the magneti-
cally coupled energy harvesting system is then com-
posed from the governing equations
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that yield the frequency equation

ðm1l2 + k11 � b21, 1 � b31, 1Þ
ðm2l2 + k12 � b12, 2 � b32, 2Þ

� b21, 2b12, 1 = 0

ð15Þ

Based on the statically stable equilibria around
which oscillations occur, different eigenvalues l and
hence natural frequencies are computed from equation
(15). These may be contrasted to the instantaneous fre-
quency response of the nonlinear impulsive vibrations.

Figure 11 presents the short-time fast Fourier trans-
form (SFFT) of the time series of harvester beam dis-
placements. The results from Figure 11(a) and (b)
correspond to the beam displacement spectra in dB
using the time series shown in Figure 10(a). The spectra
in Figure 11(c) and (d) correspond to the time series
displacement in Figure 9(c).

Based on the frequency response shown in Figure
11(a) and (b), the harvester beams share primary spec-
tral characteristics. In particular, both beams have
notable peaks in the transient frequency response
around 20 and 34 Hz. The spectral peaks in Figure
11(a) and (b) are near, but not identical, to the corre-
sponding natural frequencies 14.5 and 31.5 Hz, denoted
by dashed lines. For both harvester beams, the spectral
peak of displacement around 20 Hz is about 7 dB
greater than that for the response around 34 Hz. In
addition, Figure 11(a) and (b) reveals notable spectral
peaks around the second-order harmonic of 40 Hz.
These results provide evidence that, for this asymmetric
configuration of the energy harvesting system, a strong
magnetic coupling effect exists between the harvester
beams, such that the primary frequencies of oscillation
in the nonlinear impulsive vibrations are not identical
to the linearized natural frequencies of the system
configuration.

The time–frequency distributions in Figure 11(c)
and (d) correspond to the case that the harvester beams
vibrate with the impulse response shown in Figure 9(c).
As shown in Figure 11(c), the oscillation of beam 1 has
a major spectral peak around 31.2 Hz and another
peak near 25 Hz that is about 6 dB smaller in ampli-
tude. As shown in Figure 11(d), beam 2 exhibits pri-
mary frequencies of transient oscillation near 25 Hz
that is around 10 dB greater in amplitude than the

Figure 11. Simulation results of time–frequency distributions corresponding to (a, b) time series displacement in Figure 10(a), and
(c, d) time series displacement in Figure 9(c).
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peak near 31.2 Hz and the second harmonic peak
around 50 Hz. These primary spectral peaks for beams
1 and 2 are close in frequency to the linearized natural
frequencies of 25.62 and 31.16 Hz computed by equa-
tion (15) and shown by dot-dashed lines in Figure 11(c)
and (d). Because the primary spectral responses of the
beams are indeed close to the linearized natural fre-
quencies, the asymmetric configuration of the energy
harvesting system, such that the global minimum of
potential energy for beam 2 is further distant from
beam 1, results in less substantial magnetic coupling
between the harvester beams. This explains why the
harvester beams 1 and 2 primarily oscillate at the line-
arized natural frequencies.

Considering these results in tandem with observa-
tions of the DC powers delivered by each asymmetric
setup of the energy harvesting system, it is found that
the greater magnetic coupling between the harvester
beams increases the DC voltage output.

Energy conversion capability evaluation

Based on the nonlinear impulse responses featured in
Figures 9 and 10, the rectified voltages are strongly
dependent upon the initial stable equilibria from which
the impulsive perturbation injects energy into beam 2.
As demonstrated by the transient responses, the mag-
netic force coupling effects cause distinct exchange and
transfer of the impulsive energy from beam 2 to beam 1
based on these initial stable equilibria.

For greater insight on such energy conversion char-
acteristics, simulations are conducted to study the total
electrical energy generation achieved as a function of a
wide range of initial impulse amplitudes, proportional
to the initial velocity acting on beam 2. Figure 12 pre-
sents the total electrical energy stored on the smoothing
capacitors Cri using dots for individual simulation
results at a given initial velocity, while squares repre-
sent the corresponding averaged values of total energy

for the respective initial velocity increment. For each
initial velocity, 24 random initial conditions of displa-
cement, normally distributed around a stable equili-
brium, are utilized to obtain significant statistics. The
results in Figure 12(a) and (b) correspond to the cases
when the beam 2 potential energy profiles are asym-
metric as shown in Figure 8(a) and (b), respectively.

As observed in the results from Figure 12, two levels
of total electrical energy may be generated from the
nonlinear energy harvester system. Such trend is unique
when compared to the system examined in the results
of Figure 7(b) for which the potential energy profile of
beam 2 is mirror symmetric. The distinct electrical
energy quantities generated for a given initial velocity
by the asymmetric energy harvesting systems repre-
sented in Figure 12(a) and (b) are due to the different
initial stable equilibria from which beam 2 is perturbed.
Namely, when the impulse causes beam 2 to move from
a stable equilibrium of greater potential energy to a
final resting position of lower potential energy, a pro-
portion of that potential energy difference is also con-
verted into electrical energy. This is the origin of the
discrete jump in electrical energy generation shown
between the individual simulation results throughout
Figure 12. The discrete increase of total electrical
energy is about one order of magnitude smaller than
the release of beam 2 potential energy, which exempli-
fies the roles of inherent mechanical damping and rela-
tively low electromechanical coupling on diminishing
the direct and total conversion of the potential energy
release.

To contrast these results with asymmetric configura-
tions of the system to the mirror symmetric counter-
part, the average electrical energy generations from
each of beam 1 and beam 2 are shown in Figure 13.
The portions of electrical energy contributed from
beam 1 are presented by bars of dark shading, while
the contributions from beam 2 are shown by bars of
light shading. Each portion of shaded bar at a given

Figure 12. Individual simulations (dots) and averaged values (squares) of total electrical energy generated by the energy harvesting
system. Results in (a) correspond to the asymmetric potential energy profile for beam 2 shown in Figure 8(a), while results in (b)
correspond to the profile shown in Figure 8(b).
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initial velocity is the mean of the 24 simulation cases
presented in Figure 12. The sum of the bar heights
denotes the total electrical energy generated for a given
initial velocity. To strictly quantify the roles of the non-
contact magnetic coupling on promoting enhanced
energy capture and conversion in the system investi-
gated here, Figure 13 also shows the results by the solid
curve with square markers for a benchmark energy har-
vester. The benchmark is a single nonlinear energy har-
vester equivalent to the piezoelectric ‘‘beam 2’’ on its
own with the repulsive magnetic force action provided
by a reference-grounded magnet, like magnet 3 in the
present system configuration. The benchmark harvester
is tuned such that the two stable equilibria and the
potential energy barrier are identical to those achieved
for beam 2 for the mirror symmetric case shown in
Figure 4(b).

Results in Figure 13 consider a resistance
Ri = 1000 kO (i = 1, 2). Figure 14 complements this
comparison by quantifying the kinetic-to-electrical
energy conversion efficiency as functions of load resis-
tance Ri (i= 1, 2). This efficiency measure is the ratio
of total electrical energy generated to the initial kinetic
energy on beam 2 due to an impulse of 0.25 m/s initial
velocity. To study the influence of the initial stable
equilibrium condition for the energy harvesting system,
the green circles and blue filled data points in Figure
14, respectively, indicate that the beam 2 initial displa-
cement condition is closer to or farther away from the
beam 1 resting position. The energy conversion effi-
ciency of the benchmark, single nonlinear energy har-
vester is presented by the red solid curve with square
markers.

When beam 2 adopts the mirror symmetric potential
energy profile, it is revealed from Figure 13(b) that the
total electrical energy generated by the system is
approximately the same as that created by the bench-
mark when the initial velocities are less than around
0.2 m/s. Interestingly, this also corresponds to transient

responses for which the dynamic contributions from
beam 1 are negligible since the dark shaded bars in
Figure 13(b) have insignificant contribution for initial
velocities less than around 0.2 m/s. Yet, when initial
velocities acting on beam 2 exceed 0.2 m/s, a greater
transfer of impulsive energy to beam 1 is achieved
and the proportion of total electrical energy generated
by the system provided by beam 1 increases.
Simultaneously, this mirror symmetric configuration of
the energy harvesting system is less effective than the
single nonlinear energy harvester benchmark, seen by
the greater disparity between the total energy levels in
Figure 13(b) for initial velocities above 0.2 m/s. These
observations are supported by the contrast in Figure
14(b). The energy conversion efficiency of the mirror
symmetric configuration of the magnetically coupled
energy harvesting system is always less than that of the
benchmark harvester regardless of load resistance selec-
tion. These results provide evidence that the magnetic
coupling effects in the nonlinear energy harvesting sys-
tem can reduce the total electrical energy compared to
the single harvester benchmark if the system configura-
tion is tuned to adopt a near-mirror-symmetric poten-
tial energy profile for beam 2.

Asymmetry in the system is found to greatly change
the situation and introduce favorable energy conversion
opportunity. As shown in Figure 13(a), the total electri-
cal energy from the magnetically coupled nonlinear
energy harvesting system clearly exceeds the energy
generated by the benchmark nonlinear energy harvester
when the initial velocities are less than around 0.25 m/
s. According to the corresponding energy conversion
efficiency results in Figure 14(a), for this asymmetric
case when beam 2 possesses a bias to come to rest
nearer to beam 1 the energy conversion efficiency may
be as great as 17.5% or as little as 5.8% if the optimal
resistance is selected. The mean of these efficiency val-
ues (11.6%) is still greater than that of the benchmark
harvester that delivers 9.8% conversion efficiency at its

Figure 13. Total electrical energy generated from beam 1 (dark blue shaded bars) and beam 2 (light yellow shaded bars): (a) results
shown for asymmetric system configuration corresponding to potential energy profile in Figure 8(a); (b) results shown for mirror
symmetric system configuration corresponding to potential energy profile in Figure 4(b); (c) results shown for asymmetric system
configuration corresponding to potential energy profile in Figure 8(b); total electrical energy generated from the benchmark, single
nonlinear harvester, which is shown by red solid curve with square marker.
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best. In other words, given a large number of initial dis-
placement conditions, the asymmetric system with the
potential energy bias having beam 2 positioned nearer
to beam 1 is more efficient on the mean in the kinetic-
to-electrical energy conversion process than the bench-
mark, as long as the initial velocity is not too large. In
fact, a similar conclusion is drawn according to the sta-
tistics obtained for the other asymmetric case when
beam 2 has a global minimum of potential energy at
the stable equilibrium V2. From Figure 13(c), when the
initial velocity acting on beam 2 is less than around
0.3 m/s, the nonlinear energy harvesting system with
magnetic coupling exceeds the total energy created by
the benchmark harvester. Above this initial velocity
range, the total electrical energy generated by the sys-
tem is approximately the same as the benchmark. It can
be seen from Figure 14(c) that for this asymmetric case
when beam 2 is likely to come to rest with deflections
farther away from beam 1, the energy conversion effi-
ciency may be as great as 16.4% or as little as 8.4% if
the optimal resistance is selected. The mean efficiency
of 12.4% is likewise greater than the maximum effi-
ciency of the benchmark harvester, that is, 9.8%. It is
observed that the optimal values of load resistance as
shown in Figure 14 are all around the same level, which
agrees with the findings of a prior report that nonli-
nearity types do not influence the selection of optimal
load resistance in AC–DC rectifiers (Dai and Harne,
2018). These results emphasize opportunities and
potential challenges due to initial condition sensitivities
of using asymmetric setups to improve magnetically
coupled nonlinear energy harvester performance under
impulsive excitations.

Because the asymmetric versions of the magnetically
coupled energy harvesting system both deliver greater
DC power than the more mirror symmetric counterpart
system on the mean for relatively small initial velocities,

it becomes necessary to differentiate the energy conver-
sion capabilities between the two versions of asymme-
try that may be exploited. As shown in Figure 13(a)
and (c), the relative ratios of contributions from har-
vester beam 2 and beam 1 to the total electrical energy
are significantly different for the two asymmetric cases.
When beam 2 has a global minimum of potential
energy toward stable equilibrium U1, it is observed
from Figure 13(a) that the ratio of contributions from
harvester beam 2 and beam 1 to the total electrical
energy is around 7/4, which is consistent across a large
range of initial velocities acting on beam 2. On the
other hand, when beam 2 has a global minimum of
potential energy at the stable equilibrium V2, as shown
in Figure 13(c) over a wide range of initial velocities the
greatest proportion of electrical energy contribution is
consistently provided by beam 2. The ratio of electrical
energy delivered from the harvester beam 2 to beam 1
is around 3/1 or greater in this case.

These results emphasize the discoveries of this work
that strong magnetic force coupling is directly influen-
tial on the electrical energy delivery from the energy
harvesting system. The interpretations of these influ-
ences are captured by a practical example. When the
electrical energy contributions are unequal between the
harvester beams, such as for the asymmetric configura-
tion characterized in Figure 13(c), a greater detriment
to the overall system performance would be encoun-
tered should electrical failure occur for beam 2. Yet,
the asymmetric harvesting system given by a global sta-
ble equilibrium for beam nearer to beam 1 (Figure
13(a)) would not have as severe performance loss
should electrical failure come to beam 2. On the other
hand, one could easily exploit the imbalance of electri-
cal energy generation between the harvester beams
shown in Figure 13(c) and use a more electromechani-
cally coupled material for beam 2, such as PMN-PT,

Figure 14. Kinetic-to-electrical energy conversion efficiency when beam 2 is perturbed from the stable equilibrium closer to beam
1 (green circle) or from the stable equilibrium farther away from beam 1 (blue filled points) with an initial velocity of 0.25 m/s: (a)
results shown for asymmetric system configuration corresponding to potential energy profile in Figure 8(a); (b) results shown for
mirror symmetric system configuration corresponding to potential energy profile in Figure 4(b); (c) results shown for asymmetric
system configuration corresponding to potential energy profile in Figure 8(b); corresponding results for the benchmark, single
nonlinear harvester, which are shown by a red solid curve with square marker.
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since harvester beam 2 delivers the greater proportion
of electrical energy. Thus, robustness and performance
issues help interpret the contrast between the different
asymmetric configurations of the magnetically coupled
nonlinear energy harvesting system.

Conclusion

To characterize the nonlinear coupling and energy con-
version properties of a magnetically coupled energy
harvesting system, this research investigates the
dynamic response of a multi-directional energy harvest-
ing system subjected to impulsive energy inputs. A
model of the system is composed and validated by
experimentation on a counterpart proof-of-concept
platform. Taking advantage of the model, the intricate
dynamic behaviors of the magnetically coupled har-
vester system are scrutinized according to the influence
of different potential energy profiles tuned via the mag-
netic force coupling. When subjected to a broad range
of impulsive excitations, total electrical energy genera-
tion and energy conversion efficiency are clearly depen-
dent upon the presence and type of asymmetry that is
manifest in the system. Symmetric configurations of
the system are discovered to be detrimental to kinetic-
to-electrical energy conversion, when compared to an
individual nonlinear energy harvester, whereas asymme-
try may magnify the absolute energy capture and effi-
ciency of conversion. On the other hand, asymmetric
configurations may also release stored elastic energy
that is not manifest in symmetric systems. The selection
of a type of asymmetry, whether with bias of the har-
vester beams toward or away from each other in the
global stable equilibrium, may be made based on practi-
cal considerations of the system composition and
deployment. The results of this research provide insights
about potential opportunities and challenges to incor-
porate magnetic coupling effects in nonlinear energy
harvesting systems subjected to impulsive energies.
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Midé Technology Corp.

ORCID iD

Ryan L Harne https://orcid.org/0000-0003-3124-9258

References
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Appendix 1

Coefficients of linearized magnetic forces

The constant coefficients of simplified magnetic forces
as shown in equation (13) are calculated by
Mathematica, using Taylor series expansion. All the
magnetic forces are linearized around the stable equili-
bria denoted by (xs1, xs2)
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b21, 1 =
3M1M2V1V2 3L4 � 24L2x2

s1 + 8x4
s1 + 12L3xs2 � 48Lx2

s1xs2 + 18L2x2
s2 � 24x2

s1x2
s2 + 12Lx3

s2 + 3x4
s2

� �
m

4p L2 + x2
s1 + 2Lxs2 + x2

s2

� �9=2
ð16aÞ
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15M1M2V1V2xs1 L+ xs2ð Þ �3L2 + 4x2
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s2
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4p L2 + x2
s1 + 2Lxs2 + x2
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