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Modeling of a distributed device for
simultaneous reactive vibration
suppression and energy harvesting

Ryan L Harne and Chris R Fuller

Abstract
Distributed devices or treatments are a mainstay of passively suppressing structural vibrations. In some cases, piezoelec-
tric materials were included within the devices to utilize them as actuators. Interest in energy harvesting encourages a
reassessment of these devices, using the piezoelectric materials as a means to convert input vibrational energy into elec-
trical power. A numerical model of one such device, exhibiting mass-spring-damper dynamics, attached to a vibrating
host structure is described and validated against 3D finite element analysis. The model is utilized to evaluate the simulta-
neous goals of passive vibration attenuation and energy harvesting of devices on a lightweight, clamped panel. The objec-
tives are found to be partly in opposition, particularly when the total mass of the added devices becomes more
substantial. This feature is widely neglected in employing mass-spring systems as energy-harvesting devices, where the
mass of the device is insubstantial relative to the main structure. As a result, compromises or alternatives may be
explored to achieve both goals: the implementation of materials exhibiting greater electromechanical coupling, minimiza-
tion of total applied mass to the host structure, and retuning of attached devices to exhibit natural frequencies not
exactly equal to those of the host structure.

Keywords
energy harvesting, piezoelectric, structural health monitoring, vibration control

Introduction

The interest in converting ambient vibrational energy
into a useful electrical power source has fostered a
range of practical implementations and numerical mod-
eling strategies. In many embodiments, the devices
employ dynamics identical to traditional mass-spring-
dampers (vibration absorbers) historically used for pas-
sive and active vibration control purposes.

Due to the significant in-phase strains possible, can-
tilevered beams designed to operate at the first modal
frequency are often employed, in tandem with attached
piezoelectric or piezoceramic layers. Devices described
or studied by Roundy and Wright (2004), Lefeuvre et
al. (2006), and Erturk et al. (2009) have shown an
appreciable potential in converting vibrational energy
into usable power. Though it is of little or no interest in
energy-harvesting applications, in the case of cantilev-
ered beam harvesters, the beams supply a reactive
bending moment back to the host structure. With a
contrasting focus, cantilever beam vibration absorbers
utilize this bending moment to suppress the vibration
of their host structure (Jacquot and Foster, 1977). The
gap between employing a cantilevered beam as an

energy-harvesting device and as a vibration control
device exists between the assumption of relative inertial
influence: energy-harvesting devices tend to be of little
or effectively no mass compared to the host structure
(e.g. harvester on a bridge), whereas the vibration con-
trol device is more substantial (e.g. mass-spring-damper
on an aircraft panel).

The disparity between the fields of vibration control
and energy harvesting is apparent in the modeling
methodology. In a fundamental analysis, vibration con-
trol studies consider two- or multidegree-of-freedom
systems (Den Hartog, 1985); in energy harvesting, a
single-degree-of-freedom (SDOF) system with base
excitation is evaluated (Stephen, 2006). Thus, it is pre-
sumed, in a large proportion of energy-harvesting
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studies, that the harvester does not affect the vibration
of the greater host structure to which it will ultimately
be attached.

With a growing interest in power harvesting has
come the desire to convert ambient vibration from a
broad array of sources. Yet, in some of these cases, it
may no longer be appropriate to assume the attached
devices are a negligible inertial influence to the host
structure, for instance, a harvester on a lightweight air-
craft panel. Thus, a new analysis must be made for
devices employing energy-harvesting technology that
may also modify the vibrational response of the host
structure or devices generally intended for the simulta-
neous purposes of vibration suppression and power
harvesting.

To avoid confusion, a note should be made regard-
ing the use of the phrase ‘‘simultaneous vibration sup-
pression and energy harvesting.’’ Elsewhere in
literature, this concept appears in regards to the damp-
ing and stiffening effects of the external load resistance
across a piezoelectric electrode as the harvester oscil-
lates (Lesieutre et al., 2004; Liang and Liao, 2009). The
observed damping effects are primarily considered to
be affecting the harvester itself—for example, the
bimorph cantilevered beam dynamics—as opposed to
the structural dynamics of a larger system. This justifies
the implicit modeling assumption that the device is
excited by base vibration or a unit force (i.e. an infinite
energy source).

In the present analysis, the base structure, that is, a
structural panel, is externally excited and harvesters, in
the form of mass-spring systems, are thereafter
attached. The piezoelectric materials are not fully
attached to the host structure but are contained within
some manifestation of a distributed spring layer. Thus,
the vibration-suppression effect is due to the attached
devices reactively or resistively working against the
motion of the host structure. One similar embodiment
of this design appears in the literature in the event that
the cantilever beam harvesters are the wings of an air-
craft (De Marqui et al., 2010). The present work is dis-
tinguished from the prior in that the harvester devices
exhibit reactive and resistive dynamics as opposed to
only resistive. In other words, the present harvester
designs of interest work against the host structure by
reactive forces like vibration absorbers as well as resist
the structural vibration like constraining treatments.

A passive vibration control device is considered,
termed smart foam by Gentry et al. (1997), which uti-
lizes a distributed poroelastic spring layer in which a cur-
vature of piezoelectric film is embedded. Smart foam
was intended to serve as a combined passive and active
acoustic-structural device and was successfully employed
in active noise control experiments (Guigou and Fuller,
1999; Leroy et al., 2011). Marcotte et al. (1999) studied
this device with the addition of a distributed top mass
layer, the resulting embodiment then combining passive

vibration absorber dynamics alongside the potential of
active control. In the context of energy harvesting and
passive vibration control, the smart foam design is con-
sidered in that it may not only reactively suppress the
vibrations of the host structure but also generate electri-
cal power as the embedded piezoelectric film is strained
within the deformed spring layer.

This article briefly describes an analytical model
based on the generalized Hamilton’s principle of a dis-
tributed device, like smart foam, when applied to an
excited, vibrating structure. The model is validated by
comparison with the results from 3D finite element
(FE) analysis and is found to be much more computa-
tionally efficient to solve as compared with FE analysis.
The model is then employed to consider the simulta-
neous capability of smart foam samples to reduce vibra-
tion levels of a lightweight, clamped panel as well as to
harvest electrical energy. Though the simultaneous
objectives are not mutually exclusive, potential trade-
offs exist and are discussed.

Model formulation

Mechanical domain description

For conciseness and to focus primarily on the results of
the model simulations, only essential elements of the
present variational formulation are provided. Greater
detail on the generalized Hamilton’s principle is available
in a number of texts (Meirovitch, 1967; Reddy, 1984) as
well as a recent, similar derivation of this variational
method for energy harvesting using piezoelectric plates in
the context of the FE method (De Marqui et al., 2009).

Consider a system composed of a base plate to which
one or more piezoelectric vibration control devices are
attached, Figure 1. The attached devices are each com-
posed of a distributed spring layer and a distributed top
plate; the spring layer itself is a composite of a continu-
ous material and a piezoelectric layer. In the following

Figure 1. Geometry and material properties of the model.
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analysis, subscripts b, s, p, and t refer to the base plate,
the distributed spring layer, the embedded piezoelectric
layer, and the distributed top plate, respectively. The
origin of the global coordinate system is defined at the
center point of base plate and the (x, y) plane corre-
sponds to the middle plane of the base plate, zb = 0. The
base plate is arbitrarily bounded and may be excited by
a number of localized point forces, fj(xj).

The base plate and distributed top plate are assumed
to be Love–Kirchhoff plates having displacements
expressed in the form

u x, tð Þi = b, t =

uio x, y, tð Þ � zi
∂wio x, y, tð Þ

∂x

vio x, y, tð Þ � zi
∂wio x, y, tð Þ

∂y

wio x, y, tð Þ

2
64

3
75 ð1Þ

where the second subscript o indicates the displacement
in the middle plane of the plate, zb = 0 or zt = 0.

For simplification of the analysis, the distributed
spring layer is approximated as a superposition of a
thick, transversely deformable, orthotropic plate and a
thin, cylindrical shell, which exhibits piezoelectric prop-
erties (see Figure 2). The mechanical displacements of
the thick orthotropic plate allow for the transverse flex-
ibility of the layer

u x, tð Þs =

uso x, y, tð Þ+ zsux x, y, tð Þ
vso x, y, tð Þ+ zsuy x, y, tð Þ

wso x, y, tð Þ+ zs
∂wso x, y, tð Þ

∂zs
+ 1

2
z2

s
∂2wso x, y, tð Þ

∂z2
s

2
64

3
75 ð2Þ

where ux and uy are the rotations about the middle
planes in the x-axis and y-axis, respectively. Application
of continuity of displacements and transverse stress
between the spring layer and the two bounding plates
allows the spring layer mechanical displacements to be
expressed in terms of the displacements of the top plate
and bottom plate

It is assumed that the inertial influence of the shell is
negligible compared to the host spring layer material; in
practice, the piezoelectric film may constitute 5% or less
of the mass of the whole spring layer. Following this
assumption, the displacements of the embedded piezo-
electric film correspond to those of the thick orthotro-
pic plate, evaluated over the surface defined by the film.
This assumption would not be valid, however, in the
event that the embedded piezoelectric material was
more substantial relative to the host spring layer. In the
latter case, rather than assumptions of superposition, it
may be more appropriate to determine equivalent elas-
ticity characteristics of the full spring layer using homo-
genization or experimental techniques (Bakhvalov and
Panasenko, 1989; Jaouen et al., 2008).

In this manner, for n attached vibration control and
energy-harvesting devices, the coupled system mechani-
cal displacements constitute 3 + 3n unknowns: ubo, vbo,
and wbo for the base structure and uto, vto, and wto for
each device.

Electrical domain description

In the present analysis, the following assumptions are
taken: (1) continuous electrodes cover the top and bottom
surfaces of each piezoelectric domain; (2) the piezoelectric
materials are poled in the thickness direction, zp; and (3)
the only nonzero electric field component varies linearly
through the thickness of the material. As a result of
assumption (1), only one voltage is necessary to describe
the electrical response of each piezoelectric domain.

In the following study, smart foam samples contain-
ing a single half-circular segment of embedded piezo-
electric film are considered. A simple means by which
to increase the collective output of voltage is to utilize a
multitude of periods of the film and connect the indi-
vidual voltage outputs in series. Figure 3 shows an

u x, tð Þs =

1
2

uto + ubo½ �+ 1
4

ht
∂wto

∂x
� hb

∂wbo

∂x

� �
+ 1

hs
zs uto � ubo½ �+ 1

2
ht

∂wto

∂x
+ hb

∂wbo

∂x

� �� �
1
2

vto + vbo½ �+ 1
4

ht
∂wto

∂y
� hb

∂wbo

∂y

h i
+ 1

hs
zs vto � vbo½ �+ 1

2
ht

∂wto

∂y
+ hb

∂wbo

∂y

h in o
1
2

wto + wbo½ �+ 1
hs

zs wto � wbo½ �

2
664

3
775 ð3Þ

Figure 2. Layout of distributed spring layer, the superposition of a thick plate and thin shell.
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example implementation of this design. Furthermore,
other embedded shapes of piezoelectric material may
be employed, which may be more effective in convert-
ing the transmitted strain to electrical energy.

Approximate solution

The mechanical displacements and voltages are esti-
mated to be the linear combination of admissible trial
functions and generalized coordinates

u x, tð Þi = b, t = Cm xð Þm tð Þð Þi ð4Þ

v x, tð Þ= Cv xð Þz tð Þ ð5Þ

where Cm(x) and Cv(x) are the admissible trial func-
tions and m(t) and z(t) are the generalized coordinates
for the mechanical and electrical domains, respectively.
The generalized coordinates and trial functions number
Nb and Nt for the base and top plates, respectively.
Given the assumptions of continuous electrodes cover-
ing the top and bottom surfaces of the piezoelectric
material, it is convenient to represent the generalized
electrical coordinate as a single parameter, z(t).

Substituting these solutions into the generalized
Hamilton’s principle, assuming an harmonic time depen-
dence of the form eivt, and assuming there is no external
electrical excitation on the piezoelectric electrodes, yields
a coupled systems of equations describing the mechani-
cal and electrical response for a passive vibration control
and/or energy-harvesting device attached to an excited
host structure (De Marqui et al., 2009)

Y c + jvCp jvYt

�Y K+ jvC� v2M

� �
z

m

� �
=

0

F

� �
ð6Þ

where the components of equation (6) are provided in
Appendix 1. For n attached devices, the coupled system
of equations contains 3Nb + 3nNt mechanical general-
ized coordinates and n electrical generalized coordi-
nates. The attached circuit admittance, Y c, for energy-
harvesting devices is a simple load resistance, Y c = 1=R1.

The generalized coordinates and electrical responses
are computed from equation (6) as

m= K+ jvC� v2M + jv Y c + jvCp

� 	�1
YYt

h i�1

F ð7Þ

z = � Y c + jvCp

� ��1
jvYtð Þ

K+ jvC� v2M + jv Y c + jvCp

� 	�1
YYt

h i�1

F ð8Þ

For a given distributed piezoelectric vibration con-
trol and energy-harvesting device, the frequency
response function (FRF) of the transverse acceleration
of the top plate to that of the transverse acceleration of
the base plate is computed as

FRFaccel vð Þj j= �v2wto x1,y1,vð Þ
�v2wbo x2,y2,vð Þ










= Cmwto

x1,y1ð Þmwto
vð Þ

Cmwbo
x2,y2ð Þmwbo

vð Þ














ð9Þ

where Cmwto
and mwto

are the trial functions and general-
ized coordinates related to the transverse displacement
of the top plate, respectively; Cmwbo

and mwbo
are the trial

functions and generalized coordinates related to the
transverse displacement of the base plate, respectively;
and (x1, y1) and (x2, y2) are the points of evaluation. The
voltage FRF (V g21) of a device is computed as

FRFvolt vð Þj j= z vð Þ
�v2Cmwbo

x2, y2ð Þmwbo
vð Þ












 ð10Þ

Considering the FRF responses in light of equation
(7), the mechanical response of the system is damped
and shifted in frequency by the specific of circuit admit-
tance and piezoelectric characteristics. The significance
of this effect is modulated by the magnitude of the elec-
tromechanical coupling terms, Y. The same frequency
shift is observed in the electrical response, but the mag-
nitude of the voltage FRF is predicted to continually
increase with increasing R1 to short circuit conditions.

In considering the vibration attenuation capability
of a device on a larger host structure, the mean square
out-of-plane velocity (m2 s22) of the base plate is deter-
mined by

h _wbo vð Þi2 =
v2

8abbb

ð+ ab=2

�ab=2

ð+ bb=2

�bb=2

Cmwbo
x, yð Þmwbo

vð Þ
� ��

Cmwbo
x, yð Þmwbo

vð Þ
� �

dxdy ð11Þ

where ()� denotes the complex conjugate. Recalling that
the spring layer mechanical displacements were
expressed in terms of the bounding displacements of the
plate, the transverse generalized coordinates of the base
plate, mwbo

, contain terms related to the spring layer as
well as coupling terms related to the top mass displace-
ments. Furthermore, the electromechanical coupling, Y,

Figure 3. Smart foam sample containing a periodic embedded piezoelectric film for improving voltage output, showing voltages
added in series.
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is expressed in terms of mechanical displacements of the
bounding plates as well as the electrical response itself.
As a result, the presence of the piezoelectric spring layer
slightly dampens and shifts in frequency the response of
the base and top plates to varying degrees as the exter-
nal load resistance is modified.

Validation against 3D FE solution

The present model is compared against the results com-
puted from a 3D FE model using the COMSOL software
package (COMSOL AB, 2007). As was recommended by
Leroy et al. (2009), due to the thinness of the embedded
piezoelectric film relative to the foam layer, the film is
modeled as a 2D surface (shell elements). Acoustic cou-
pling within the poroelastic foam is ignored since
vibration-suppression and energy-harvesting capabilities
are the metrics of present interest. The poroelastic mate-
rial is modeled using tetrahedral solid elements, while the
base plate is constructed using shell elements. A diagram
of the 3D FE mesh is shown in Figure 4, which used
approximately 8000 total elements.

A smart foam sample employing the half-circular
embedded piezoelectric film shape is centrally located

on a base plate having free boundaries. The base plate
is excited by a centrally located, out-of-plane, unit har-
monic force, fz(0, 0, 0, v) = 1 N. Geometric and material
properties of the layers are provided in Table 1; proper-
ties of the embedded piezoelectric film are provided in
Table 2 (Bailo et al., 2003). The base plate is modeled
as being exceptionally stiff in order to excite the
attached device equally at all frequencies and to avoid
modal effects of the base structure within the frequency
range of interest. The foam layer is assumed to have
identical elastic properties regardless of orientation;
that is, Ex = Ey = Ez = E and Gyz = Gxz = Gxy = E=2(1 + n).
Damping for all layers is included by means of an iso-
tropic loss factor, h. Figure 5 compares the present
model predictions of out-of-plane acceleration FRF
and those computed by the FE model for three values
of load resistance, R1. A resonance is evident at 224
Hz, with the FE and present models in perfect agree-
ment of the frequency. This represents the SDOF trans-
verse resonance of the device.

As the load resistance on the electrodes is increased,
the SDOF resonance frequency is seen to moderately
shift from 224 Hz at R1 = 1.8 kO to 225 Hz at R1 =
560 kO. In addition to the minor shift in frequency,
both the FE model and the present numerical model
concur that the amplitude of the resonance increases as
load resistances increase; the magnitude increases from
25.4 at R1 = 1.8 kO to 33.9 at R1 = 560 kO. This is a
one-third increase in the magnitude of the resonance
(+ 2.5 dB). This suggests that as a distributed vibration
control treatment, different load resistances (in this
case, larger resistances) would improve the ability of
the device to reactively work against the host structural
vibration for this device design.

Voltage FRF predictions are compared in Figure 6
for four values of R1. The same resonance effect wit-
nessed in the acceleration FRF is observed for the vol-
tage output, also at 224 Hz but increasing to 225 Hz for
R1 = 560 kO. For greater load resistances, the increased
time constant, R1Cp, serves to reduce the voltage output
at higher frequencies, while the lower frequency

Figure 4. FE model mesh of vibration control and energy-
harvesting device.
FE: finite element.

Table 1. Geometric and mechanical properties of the layers.

Layer a (m) b (m) h (mm) E (Pa) n r (kg/m3) h

Base 0.10 0.10 5 2.1e14 0.33 7850 3e-4
Top 0.06 0.06 2 7.1e10 0.33 2100 3e-4
Spring layer 0.06 0.06 30 1.9e5 0.4 9 4e-2

Table 2. Mechanical and electrical characteristics of the embedded piezoelectric film.

hp (m) Ep (Pa) np rp (kg/m3) h d31 (m/V) eT
33 (F/m)

28e-6 5.4e9 0.18 1780 1e-3 23e-12 12 e0

Harne and Fuller 659
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components continue to increase. Both models corrobo-
rate this feature. Overall, both the 3D FE model and the
present numerical model are in close agreement, with a
maximum of 15% error (in the acceleration FRF at
resonance for R1 = 560 kO) but an average error of
\1%. To provide a measure of the computational bene-
fit of employing the present continuum domain model,
the 2D continuum domain model completed each FRF
prediction over 225 times faster than the 3D FE model.

Application: devices on a vibrating panel

Recalling the focus of this work, the goal of the present
variational model is to serve as a computationally

efficient means by which to assess and optimize the
simultaneous capabilities of passive vibration suppres-
sion and power harvesting for distributed piezoelectric
devices. To explore some of the utility of the model,
consider a clamped plate to which two smart foam
devices are attached. The geometry of the model and
device layout is shown in Figure 7 with tabulated geo-
metric and mechanical properties in Table 3. As before,
the distributed spring layer is considered to have
similar isotropic thick plate elasticity parameters.
The properties of the embedded piezoelectric film
are the same as those provided in Table 2. The plate
is excited by an out-of-plane unit point force,
fz 0:18, � 0:16, 0, vð Þ= 1 N .

R
R
R

R
R
R

Figure 5. (a) Comparison of acceleration FRF magnitudes for R1 = 1.8, 84, and 560 kO, full spectrum and (b) around resonance.
FRF: frequency response function.

k

k

k

k

Figure 6. Comparison of voltage FRF magnitudes, solid curves from the present model results and circles from the FE model.
FRF: frequency response function; FE: finite element.
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Both of the attached devices were square and both
were attached to load resistances of R1 = 10 kO. Device 1
was designed so as to exhibit a SDOF natural frequency
of 141 Hz, very close to the first natural frequency of
the clamped panel (144 Hz). Device 2 was designed to
have a SDOF natural frequency of 224 Hz, almost iden-
tical to the second natural frequency of the panel (223
Hz). The devices were positioned on the panel so as to
be most useful in reactively suppressing the vibrations of
the clamped panel to which they were tuned.

The out-of-plane mean square velocity of the base plate
is computed for three cases: the untreated panel, after
attaching the original-sized devices, and for when the areas
of the devices were doubled, as in Figure 7. Note that
doubling the area of the devices does not alter the SDOF
natural frequencies but should, presumably, increase the
collective power output of the devices and/or improve
vibration-suppression performance. The mass ratio
(defined as the total device mass divided by the untreated
panel mass) was 2.5%, while doubling the surface cover-
age of the devices doubled the mass ratio to 5.0%.

Figure 8 plots the mean square velocity of the
clamped base plate for the untreated and two additional
scenarios with the attached devices. Characteristic of
vibration absorbers, the devices significantly reduce the
panel vibration at their respectively tuned SDOF natu-
ral frequencies, transferring some of the energy to fre-
quencies above and below the untreated panel
resonances. Doubling the area of the devices serves to
further reduce the magnitude of the split clamped panel
resonances around 120 and 157 Hz but does not appre-
ciably reduce the magnitude of the split resonances of

the second mode. However, the added mass does fur-
ther spread the second mode split resonances away
from the untreated resonance, exactly as per the results
of classical, analytical treatment of point vibration
absorbers (Den Hartog, 1985). Above the devices’
SDOF natural frequencies, they do little to suppress the
panel vibration; the latter of which almost completely
converges to the magnitude of untreated vibration lev-
els by the fourth untreated panel resonance, 427 Hz.

The amplitude of the average power transfer func-
tion for the devices

P =
z vð Þj j2

2R1fz vð Þ ð12Þ

is plotted in Figure 9. Only one load resistance is consid-
ered here, R1 = 10 kO, and this may not represent the opti-
mal choice of resistance. However, the important elements
to consider are potential trade-offs between vibration-
suppression capability and energy-harvesting potential.

From Figure 9, below 300 Hz, it is observed that
both devices output greater power around their respec-
tive tuned SDOF frequencies, albeit now conforming to
the location of the split resonances. From Device 1,
greatest power is achieved around the untreated panel
resonance at 144 Hz; and from Device 2, greatest power
is output around the untreated resonance at 223 Hz.
However, since the nature of lightly damped SDOF
vibration absorbers is to split the energy around the
original, targeted vibrational frequency, the result is
that now the absorbers are no longer oscillating at their
individual natural frequencies, which would yield sig-
nificantly greater electrical output.

This issue is perhaps not commonly regarded in
most energy-harvesting applications (e.g. transducers
to be applied to roadways or bridges) when the mass
ratio of the device is negligible compared to the mass of
the vibrating structure. In such conditions, the natural
frequency of the main structure is not perceptibly
shifted and the power-harvesting device oscillates at the
designed frequency. In the case of devices designed for
simultaneous vibration suppression and energy harvest-
ing, maintaining the lowest mass ratio possible is vital.
Otherwise, the resonant frequencies of the host struc-
ture are pushed further away from the optimal operat-
ing frequency of the energy-harvesting device.

For instance, the doubling of surface coverage of the
devices (solid curves in Figure 9) does not noticeably

Table 3. Geometric and mechanical properties of the plate and original-sized devices.

Layer a (m) b (m) h (mm) E (Pa) n r (kg/m3) h

Base 0.60 0.40 3 7.1e10 0.33 2100 3e-4
Devices 1 and 2 top 0.06 0.06 2 7.1e10 0.33 2100 3e-4
Device 1 spring 0.06 0.06 75 1.9e5 0.4 9 4e-2
Device 2 spring 0.06 0.06 30 1.9e5 0.4 9 4e-2

coordinates in (m).

Figure 7. Diagram of modeled geometry and device placement.
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improve the electrical power output, despite a greater
volume of piezoelectric material present for charge col-
lection. In fact, Device 1 produces less electrical power
at 157 Hz once the area is doubled. Note also from
Figure 8 that the vibration of the panel at this frequency
is better attenuated with the doubling of size of the
devices. Thus, better performance at suppressing the
host panel vibration inherently reduces the effectiveness
of the device in terms of producing electrical power.
This trade-off may be most notably observed by the fact
that both devices output an equal or greater amount of
power at the third panel resonance, 357 Hz, at which
neither of the devices were best designed to operate.

Conclusion

Interest in the capture and conversion of ambient
kinetic energy into an electrical power source has

resulted in a wide range of innovative electromechanical
and electromagnetic devices. Modeling methods have
been equally diverse with the general aim of assisting in
the optimization of device design or energy conversion.
A variational numerical model was described in this
article for the purpose of evaluating the simultaneous
reactive vibration-suppression and energy-harvesting
capabilities of a class of devices attached to vibrating
host structures. Such devices would employ a distribu-
ted top mass layer and a distributed spring layer, the
latter of which exhibits piezoelectric properties.

The model was compared against a 3D FE model
showing close agreement in both mechanical and elec-
trical response of the devices. The model was then
employed to evaluate the simultaneous vibration con-
trol and power-harvesting potential of similar devices
on a clamped panel. Similar to point vibration absor-
bers, the reactive forcing nature of the device
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significantly suppressed the panel vibration at the
tuned natural frequencies, splitting the original
untreated panel resonances. This result implies that the
attached devices no longer oscillate with greatest ampli-
tude at the frequencies to which they would be most
useful for energy-harvesting purposes.

Increasing the area coverage of the devices improved
the ability to suppress the panel vibration but showed
no appreciable improvement in power harvesting,
despite the greater volume of piezoelectric material
present. While many energy-harvesting devices use an
identical, dynamic concept to that of tuned mass-
spring-damper systems, the underlying assumption is
that the devices are not effective at reducing the vibra-
tion of the host structure. Thus, it is assumed that the
added mass to the structure is negligible. In the present
model, it was observed that for a treatment of devices
totaling a 5% mass ratio to the panel mass, a clear
trade-off existed between vibration suppression poten-
tial and the ability to efficiently convert the remaining
kinetic energy into electrical power. The panel resonant
frequencies were observed to shift away from the
untreated frequencies, as per classical analysis, thereby
reducing the effectiveness of the devices since they were
tuned to the original, untreated panel resonances.

A few conclusions may be drawn in light of the
results:

� The lowest possible mass ratio of the devices to
the host structure is important; this reduces the
shift in the host panel resonances when tuned
reactive devices are attached.

� The devices may improve wider-band vibration
suppression by means of improved mechanical
coupling to the structure. Extensionally stiffer
spring layers may help to improve global vibra-
tion reduction performance by means of con-
straining layer-type effects, while still providing
for energy-harvesting capabilities from trans-
verse vibration response.

� The use of more electromechanically coupled
piezoelectric materials within the distributed spring
layer should yield improved power output.
Alternatively, using a greater volume of lightweight
piezoelectric film, as in a multitude of periodic film
shapes (Figure 2), may achieve similar results.

� For improved energy harvesting, by further
study, it may be determined that the devices
should be designed so as to exhibit SDOF natu-
ral frequencies not exactly equal to the host
structural resonances since this reduces the dis-
parity between the split host panel resonances
and the original device natural frequency.

While passive, reactive vibration-suppression and
energy-harvesting techniques may be important goals
to achieve simultaneously, the optimal design of devices

or systems for this purpose will involve the careful
assessment and weighing of the inherent trade-offs.
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Appendix 1

Components of equation (6)

The admittance of a circuit attached to the energy-
harvesting device is Y c; for a single resistive load, R1, in
the circuit, Y c = 1=R1.

The capacitance of the piezoelectric layer,

Cp = Ap eT
33 � d2

31Ep

� 	� �
=tp, is a function of Ap, the area of

the electrodes; eT
33, the permittivity matrix component

evaluated at constant stress; d31, the piezoelectric con-
stant; Ep, the Young’s modulus of the piezoelectric mate-

rial; and tp, the thickness of the piezoelectric material.

The superscript t denotes the matrix transpose opera-
tor. Note that the piezoelectric thin shell layer requires a
change of coordinates in the following equations, to con-
vert from the local, cylindrical system to the global system.

K=
X

i = b, s, p, t

ð
Vi

LuCm xð Þð ÞticE
i LuCm xð Þð ÞidVi ð13Þ

M=
X

i = b, s, p, t

ri

ð
Vi

Ct
m xð Þ

� 	
i

Cm xð Þð ÞidVi ð14Þ

C= aM+ bK ð15Þ

Here, a = 0 and b = h=v to employ loss factor
damping.

Y=

ð
Vp

LuCm xð Þð ÞtpetLvCv xð ÞdVp ð16Þ

F= Ct
m xf1

� 	
� � �Ct

m xfNf

� �h i
ð17Þ

e=
0 0 0

0 0 0

e13 e13 0

2
4

3
5 ð18Þ

with components e13 = (d31Ep)=(1� np)

The linear differential operator for the Love–
Kirchhoff plates is

Luð Þi = b, t =

∂
∂x

0 0

0 ∂
∂y

0
∂
∂y

∂
∂x

0

2
64

3
75 ð19Þ

The linear differential operator for the thick ortho-
tropic plate is

Luð Þs =

∂
∂x

0 0

0 ∂
∂y

0

0 0 ∂
∂zs

0 ∂
∂zs

∂
∂y

∂
∂zs

0 ∂
∂x

∂
∂y

∂
∂x

0

2
66666664

3
77777775

ð20Þ

Due to conventional notation in shell theory, a local
coordinate system (x, u, zp) is defined for the axial, cir-
cumferential, and radial directions, having translational
displacements of u, v, and w, respectively. The linear
differential operator for the thin cylindrical shell, with
radius hs, in the local coordinate system is

Lu =

∂
∂x

0 0

0 1
hs

1� zp

hs

� �
∂
∂u

1
hs

1� zp

hs

� �
1
hs

1� zp

hs

� �
∂
∂u

∂
∂x

0

2
664

3
775 ð21Þ

Assuming the piezoelectric material is poled through
its thickness and that the electric potential varies line-
arly through the thickness of the material, the corre-
sponding linear differential operator is

Lv =

0

0

� 1
hp

2
4

3
5 ð22Þ

The stiffness matrices of the Love–Kirchhoff plates
and the thin shell are

cE
i = b, p, t =

Ei

1�n2
i

niEi

1�n2
i

0

niEi

1�n2
i

Ei

1�n2
i

0

0 0 Ei

2(1 + ni)

2
664

3
775 ð23Þ

For the thick orthotropic plate, the stiffness matrix
is expressed as

cE
s =

1
Ex

� nyx

Ey
� nzx

Ez
0 0 0

� nxy

Ex

1
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� nzy

Ez
0 0 0

� nxz

Ex
� nyz

Ey

1
Ez

0 0 0

0 0 0 1
Gyz

0 0

0 0 0 0 1
Gxz

0

0 0 0 0 0 1
Gxy

2
666666664

3
777777775

�1
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