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Abstract
The remarkable versatility and adaptability of skeletal muscle that arises from the assembly of its
nanoscale cross-bridges into micro-scale assemblies known as sarcomeres provides great
inspiration for the development of advanced adaptive structures and material systems. Motivated
by the capability of cross-bridges to capture elastic strain energy to improve the energetic
efficiency of sudden movements and repeated motions, and by models of cross-bridge power
stroke motions and sarcomere contractile behaviors that incorporate asymmetric, bistable
potential energy landscapes, this research develops and studies modular mechanical structures
that trap and store energy in higher-energy configurations. Modules exhibiting tailorable
asymmetric bistability are first designed and fabricated, revealing how geometric parameters
influence the asymmetry of the resulting double-well energy landscapes. These experimentally-
observed characteristics are then investigated with numerical and analytical methods to
characterize the dynamics of asymmetrically bistable modules. The assembly of such modules
into greater structures generates complex, multi-well energy landscapes with stable system
configurations exhibiting different quantities of stored elastic potential energy. Dynamic
analyses illustrate the ability of these structures to capture a portion of the initial kinetic energy
due to impulsive excitations as recoverable strain potential energy, and reveal how stiffness
parameters, damping, and the presence of thermal noise in micro- and nano-scale applications
influence energy capture behaviors. The insights gained could foster the development of
advanced structural/material systems inspired by skeletal muscle, including actuators that
effectively capture, store, and release energy, as well as adaptive, robust, and reusable armors
and protective devices.

Keywords: multistable, energy capture, skeletal muscle, transient dynamics

(Some figures may appear in colour only in the online journal)

1. Introduction

The mechanics of skeletal muscle exhibit several noteworthy
characteristics, including adaptability, robustness, and the
ability to effectively store, convert, and release energy [1, 2],

providing great inspiration for the development of advanced
engineered structural/material systems. These macroscale
properties of skeletal muscle are strongly influenced by the
synergies among constituents across length scales, as pre-
sented in figure 1. Muscle fibers are composed of bundles of
myofibrils, which in turn are held together by chains of actin
and myosin proteins sectioned into units known as
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sarcomeres [3, 4]. When skeletal muscle is activated, cross-
bridges extending from the myosin filament bind to sites on
the actin filament and undergo power stroke motions, gen-
erating forces to enable sarcomere contractions. Models of
power stroke mechanics often incorporate a bistable con-
stituent whose two energy minima denote the pre- and post-
power stroke configurations [5, 6]. The pre-power stroke state
(also referred to as the long or unfolded configuration) has
higher potential energy than the post-power stroke state (short
or folded configuration), which means that the energy land-
scape of the bistable power stroke element is asymmetric.
This is a result of differing chemical activity associated with
adenosine triphosphate consumption that biases the power
stroke towards the short configuration [7].

Recent research suggests that a significant proportion of
the inertial energy from external inertial loads such as a
periodically moved appendage is stored as strain energy in the
cross-bridge constituent [9]. This stored energy may be later
used to reduce the energetic cost of cyclic motion or to enable
explosive movement [10, 11]. Certain external loads have
also been shown to cause power stroke reversals, allowing the
cross-bridge to move back and forth repeatedly along the
power stroke’s energy landscape without unbinding the
myosin head from the actin binding site [12]. Models of these
and other mechanics at the micro- and nano-scale commonly
integrate constituents with non-convex energy landscapes to
capture empirically-observed conformational changes [5,
13–16], and offer inspiration for the development of engi-
neered structural/material systems that exhibit a similar
ability to capture, store, and release energy. In fact, the
exploitation of mechanical instabilities by incorporating bis-
table elements has been widely studied [17, 18], demon-
strating significant damping [19, 20], energy dissipation

[21–23], and shock absorption [24] as outcomes to the stra-
tegic exploitation. These behaviors arise primarily as a result
of a phenomenon known as snap-through between stable
equilibrium states of the structure’s bistable constituents.

A common physical realization of a bistable element
takes the form of a clamped, post-buckled beam as depicted in
figure 2. The beam exhibits two stable configurations where
the displacements of the beam’s midpoints are =x x1 and

Figure 1. Schematic of skeletal muscle microstructure with approximate dimensions of constituents [3, 8]. Muscle fibers are composed of
bundles of (a) myofibrils, which themselves consist of (b) chains of sarcomeres. The actin (thin) and myosin (thick) filaments that form the
sarcomere’s structure are connected by (c) cross-bridges extending from myosin. While the cross-bridge heads are bound to actin, they
undergo a power stroke, generating forces which contribute to macroscopic muscle contractions [3]. (d) Mechanical models of cross-bridge
power stroke motions incorporate elements with asymmetrically bistable potential energy landscape, reflecting a bias towards the post-power
stroke state.

Figure 2. Axially compressed beam shown in three equilibrium
configurations: (a) curved upward with vertical displacement of the
beam midpoint =x x ,1 (b) no vertical displacement or =x 0, and (c)
curved downward with vertical displacement =x x .2 Configurations
(a) and (c) are stable, while (b) is unstable.

2

Smart Mater. Struct. 26 (2017) 085011 N Kidambi et al



=x x ,2 as shown in figures 2(a) and (c), respectively. An
unstable equilibrium is observed at the neutral position for
=x 0, as shown in figure 2(b). If the post-buckled beam is

straight in its unstressed state, the reaction force as the beam
midpoint is vertically displaced follows a curve similar to
figure 3(a), with stable equilibria observed where the curve
crosses the zero axis with positive stiffness or positive slope,
and an unstable equilibrium where it crosses the zero axis
with negative slope. The corresponding strain energy land-
scape is shown in figure 3(b), where the two local potential
minima at the same energy level denote the two stable equi-
libria of this symmetrically bistable element. A beam with a
natural curvature which is then clamped in its post-buckled
state will be biased towards one of its two stable configura-
tions [25], exhibiting asymmetric bistability and demonstrat-
ing reaction force and energy profiles represented by figure 4.
The two local energy minima are at different levels, and a
transition from the low-energy configuration =x x1 to the
high energy configuration =x x2 results in the capture of
recoverable strain energy of the amount D = -U U U .1 2

There are several examples of structural/material sys-
tems that exhibit differences in elastic potential energy
between stable equilibrium configurations under tensile
[26, 27] and compressive [28, 29] loading. These architected
structures and materials exhibit larger strains before failure

than the corresponding monolithic bulk material properties
would permit, offering great potential for energy absorption
and damage mitigation. While the energy trapping capabilities
of such systems have been reported [26, 28], no connection
has yet been made between the asymmetries inherent to the
strain energy landscapes of these structures, though the
mechanics described in figure 4 suggest that the asymmetric
bistability inherent to these architectures may be the under-
lying reason for such intriguing properties. In the context of
skeletal muscle, asymmetrically bistable elements are
employed to explain not only the behaviors of individual
cross-bridges and sarcomeres, but also those of the protein
titin, which behaves as a shock or impact absorber in sarco-
meres and may be represented mechanically as a series chain
of bistable constituents [30]. Furthermore, though there have
been efforts to understand the impact or shock isolation
behaviors of structures incorporating bistable or negative-
stiffness constituents [21, 24, 31], these investigations do not
attempt to explain the strain energy capture that may result
from the observed state transitions or snap-through events.

Based on the review and discussions above, the objec-
tives of this research are to study the influence of asymmetry
on the potential energy landscapes of structures composed of

Figure 3. (a) Vertical reaction force at the beam midpoint in figure 2,
and (b) potential strain energy as displacement x is varied of a
symmetric bistable constrained curved beam. Equal amounts of
strain energy are stored at the two stable equilibria.

Figure 4. (a) Vertical reaction force at the beam midpoint in figure 2,
and (b) potential strain energy as displacement x is varied of an
asymmetrically bistable constrained curved beam. Different amounts
of strain energy are stored at the two stable equilibria. Transition
from x1 to x2 requires a quantity of energy U1 to be supplied to the
system, and results in net strain energy storage of D = -U U U .1 2

3

Smart Mater. Struct. 26 (2017) 085011 N Kidambi et al



bistable constituents, to exploit transitions between stable
states to demonstrate strain energy capture under quasi-static
and dynamic loads, and to understand the influences of
structural parameters on system dynamics and energy capture.
Insights into these behaviors would enable the development
of structural/material systems that reflect skeletal muscle’s
robustness and its remarkable ability to store, convert, and
release energy. In the following sections, experimental pro-
totypes of single bistable elements with varying asymmetry
are studied for their potential energy landscapes. A system
identification is developed from experimentally-obtained
force–displacement profiles, facilitating analytical and num-
erical investigations of the behavior of a single asymme-
trically bistable element under dynamic loads. Energy
landscapes of structures composed of multiple elements
arranged in series are then studied, and dynamic analyses are
conducted on their energy trapping capabilities. The influ-
ences of asymmetry, damping, excitation level, and thermal
noise on energy trapping behaviors are analyzed and dis-
cussed, followed by concluding remarks.

2. Asymmetric force and energy landscapes in a
bistable module

To facilitate investigations into the influence of asymmetry on
the mechanics and energy landscapes of bistable elements,
modules with varying geometries are designed and fabricated
with polyamide PA 2200 nylon using selective laser sintering
(SLS). A connected, double curved-beam design minimizes
the likelihood that the element will buckle or snap-through in
its second mode [24, 25], ensuring predictable and repeatable
buckling behaviors. Figure 5(a) presents a schematic of a
module in its unstressed state. The beam’s curvature is
defined as the ratio between the half-arch’s height and its
length, and its T-shaped member facilitates modular assem-
bly. Figure 5(b) shows a prototype module in its post-buckled
state under axial confinement of 39.5 mm in the lower-energy
stable configuration. Quasi-static tests are performed using an
Instron 5950 universal testing machine to obtain force–dis-
placement relationships, and representative plots for three

modules of different unstressed beam curvatures are shown in
figure 6. The modules with the greater unstressed curvature
exhibit larger positive reaction forces under compression but
smaller negative reaction force, meaning an increase in
unstressed beam curvatures leads to greater asymmetry in the
force–displacement profile. The most asymmetric module
requires a relatively large compressive force to snap to the
second stable configuration, while only needing a small ten-
sile force in order to snap back to the initial state.

Experimentally-derived strain potential energy curves,
shown by the solid lines in figure 7, are generated by inte-
grating the reaction force curves with respect to displacement
during the compressive portion of the quasi-static load tests.
As the beam curvature is increased, the difference between
the two local minima of strain energy grows larger and the
energy landscape becomes increasingly asymmetric. To
facilitate further numerical and analytical study of these
asymmetrically bistable modules, it is assumed that the
observed reaction force FR of the modules may be approxi-
mated by a cubic nonlinearity, namely:

= + + ( )F k x k x k x , 1R 1 2
2

3
3

where x represents the displacement of the midpoint of the
double curved beams from the unstable equilibrium position,
and k ,1 k ,2 and k3 are the linear, quadratic, and cubic stiffness
parameters, respectively. The potential strain energyU due to
elastic deformation may be obtained by integrating the
restoring force with respect to x.

= + + + ( )U k x k x k x C, 21

2 1
2 1

3 2
3 1

4 3
4

where C is the integration constant. For consistency, U is
prescribed to be zero at the unstable equilibrium =x 0, which
corresponds to =C 0. The dashed curves in figure 7 depict
the strain energies using equation (2) where the stiffness terms
k ,1 k ,2 and k3 are obtained from a polynomial fit to the
experimental data, and the approximations reasonably reflect
the strain energy curves of the evaluated modules. Further-
more, the quadratic stiffness k2 demonstrates the greatest
variation between modules of different beam curvature while
k1 and k3 are relatively similar for all three tested samples,
which suggests that variations in the asymmetry of the

Figure 5. (a) Schematic of a single module composed of a connected, double curved arch with a stiff, T-shaped member to facilitate modular
assembly. The unstressed beam curvature is calculated as height/length, and axial compression and constraint of double-curved beams
enables bistability. (b) An experimental prototype fabricated with a beam length of 15 mm using selective laser sintering (SLS) of polyamide
PA 2200 nylon is shown in its post-buckled, axially compressed position. The prototype’s total initial width is 40 mm, but it is compressed
and confined to a width of 39.5 mm by the rigid base.
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module’s strain energy landscapes could be modeled by tai-
loring k .2 This is confirmed by an examination of the strain
energy expression in equation (2), where the quadratic stiff-
ness k2 contributes the only odd term and hence dictates the
level of asymmetry. The cubic nonlinear stiffness approx-
imation enables a systematic analytical and numerical
dynamics study of the influence of various system and

excitation parameters on strain energy landscapes and energy
trapping performance.

3. Force and energy landscape of a multi-module
system

Mechanical models of skeletal muscle often incorporate
serially-connected bistable elements in representations of
sarcomere chains that form muscle myofibrils [15, 32], and
the protein titin, which acts as a shock absorber in sarcomeres
[30, 31]. Assembly of asymmetrically bistable elements into
these greater structures leads to more complex force–dis-
placement and strain energy landscapes, enabling large
macroscopic length changes, shock absorption, and energy
dissipation. This configuration may also be leveraged to
demonstrate the capture and storage of elastic potential energy
in the system’s many stable configurations. For a structure
composed of n serially connected bistable modules as
depicted in figure 8, and whose reaction forces are governed
by equation (1), the total strain energy stored in the system is:

å

= + +

+ - + -

+ -

=
- -

-

(
)

( ) ( )

( ) ( )

U k x k x k x

k x x k x x

k x x , 3

j

n

j j j j j j

j j j

tot
1

2 1,1 1
2 1

3 2,1 1
3 1

4 3,1 1
4

2

1

2 1, 1
2 1

3 2, 1
3

1

4 3, 1
4

where xj is the displacement and k k, ,j j1, 2, and k j3, are the
linear, quadratic, and cubic stiffness coefficients, respectively,
of the jth module.

To demonstrate the mechanics of systems composed of
serially-configured modules, figures 9(a) and (b) present
experimentally-obtained reaction force profiles of a structure
composed of two and four modules, respectively, with 2%
beam curvature. Positive slope or stiffness denotes the exis-
tence of stable configurations, and negative slopes correspond
to regions of transition between stable states. The four-mod-
ule structure demonstrates a greater number of stable con-
figurations and much greater hysteresis over the compression
and extension cycle. This is due to increased free-play in the
structure and the increased likelihood of divergence between
loading and unloading paths as the number of elements in a
bistable chain is increased [13, 31]. For a single bistable
element, the loading and unloading paths are theoretically
identical, since there is only one stable configuration for a
prescribed displacement. In a structure composed of =n 2
identical bistable elements with cubic nonlinearity, there may
be multiple possible configurations for a range of global
displacements, but they are at identical strain energy levels
and thus do not demonstrate hysteresis [33]. Such a structure
would exhibit smoothly varying strain energy under loading
and unloading. However, for >n 2 or for =n 2 different
modules, these coexistent configurations may be at different
energy levels, and as the structure is globally extended or
compressed, it does not follow the minimum-energy Maxwell
path [13]. Instead, the large hysteresis observed in figure 9(b)
is due to discrete state transitions that result in a decrease of

Figure 6. Force–displacement profiles of individual asymmetrically
bistable modules obtained from uniaxial compression tests at a rate
of 0.05 mm s−1. As natural beam curvature is increased, the force–
displacement characteristic grows more asymmetric with respect to
the zero axis.

Figure 7. Strain energy profiles of three prototypes with varying
unstressed beam curvature obtained from quasi-static compression
tests (solid lines), demonstrating greater asymmetry of the double
well potential energy landscape as beam curvature is increased.
Dashed lines illustrate strain energy calculated from equation (2),
where the nonlinear stiffness coefficients are obtained from a least-
squares regression of cubic nonlinear stiffness parameters to
experimental data.
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potential energy when the structure’s current configuration
becomes unstable and the system snaps to a different stable
configuration at a lower energy level, releasing stored elastic
energy in the process [20, 31, 34].

Due to discrete state transitions that release elastic
potential energy, direct integration of the experimentally-

obtained force displacement profiles of structures composed
of multiple elements does not in general yield their strain
energy landscapes. To gain insight into the energy landscapes
of two- and four-module structures, figure 10 presents the
strain energy as computed from equation (3) where each
module’s nonlinear stiffness coefficients are obtained from

Figure 8. Schematic of a structure composed of n modules in series with bistability modeled using a cubic nonlinear stiffness.

Figure 9. Observed reaction force of a (a) two-module structure and (b) four-module structure under uniaxial compression tests at a rate of
0.05 mm s−1.

Figure 10. Strain energy landscape of a (a) two-module and (b) four-module structure calculated using a cubic stiffness approximation to
experimentally-observed reaction force of a module with 2% beam curvature. A small difference between the stiffness terms of the two
modules is provided in (a) in order to clearly illustrate the existence of multiple configurations. The four-module structure demonstrates
overlapping potential wells, a feature found in chains of n > 2 bistable elements [31]. Due to the individual modules’ asymmetry, increasing
amounts of strain energy, DU1 to DU ,4 are stored at the stable equilibria—or local energy minima—as the structure is compressed.

6
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the system identification results shown in figure 7. For the
two-module case in figure 10(a), random variation corresp-
onding to a standard deviation of 5% from the nominal values
is applied, accounting for manufacturing variability between
the nominally identical modules and to facilitate clearer pre-
sentation of the ranges under which the different stable con-
figurations may be observed. These configurations are
denoted by different line styles and correspond to the pre-
sented figure insets. The assembly of multiple modules in
series gives rise to a metastability range [35], where multiple
reaction forces and strain energies may be observed for a
range of end displacements x2 due to the coexistence of
multiple stable configurations, although only one configura-
tion may be physically realized at a given time. If the modules
were identical, the two global configurations in which one
module in the short state and the other is in the long state
would exhibit overlapping energy levels [33]. However, the
modules are slightly different, and discontinuities are
observed between the cyan dotted and green solid curves, and
between the red dashed–dotted and blue dashed curves of
figure 10(a). Under an external axial load, the structure will
only exhibit state transitions that are continuous in potential
energy or that result in a discrete reduction of stored strain
energy [34, 36]. For the four-module case presented in
figure 10(b), no random variation is applied to the modules’
stiffness parameters and all modules are assumed to be
identical. The local minima of potential energy, which denote
the stable configurations in the absence of external forces, are
at different quantities depending on the number of modules in
the long (low-energy) and short (high-energy) configurations.
Hence, a transition from the lowest energy global configura-
tion to higher-energy configurations will result in incremental
amounts of captured and stored elastic energy DU1 to DU ,4

depending on the number of long-to-short state transitions
that occur.

4. Dynamics of an asymmetrically bistable oscillator

The quasi-static analysis in the prior section demonstrates that
modular assembly of asymmetrically bistable constituents can
lead to structures exhibiting complex, multi-well energy
landscapes and whose stable configurations exhibit different
quantities of stored elastic potential energy. Due to the
modules’ geometry, transitions from long to short config-
urations result in the capture and storage of recoverable strain
energy. On the other hand, for structures under dynamic
loads, the total system energies do not smoothly follow
potential energy landscapes. Since the captured strain energy
DU depends on the initial and final configurations of the
system, transient dynamics play an important role in the
structure’s ability to capture energy in consequence to exci-
tations. The experimental prototypes presented in the prior
section, while not well-suited to dynamic tests at this stage of
research due to their large damping, viscoelasticity, and low
toughness, motivate comprehensive analytical and numerical
investigations of these dynamics. Figure 11 presents a sche-
matic of a one degree-of-freedom system based on the

experimentally-derived single-module mechanics shown in
figures 6 and 7. The bistable nonlinear stiffness takes the
cubic form of equation (1), while inertial influences are cap-
tured by the mass m, and linear viscous damping is assumed
with coefficient b. The governing equation is thus:

+ + + + =̈ ( )mx bx k x k x k x 0. 41 2
2

3
3

Equation (4) describes the dynamics of a Duffing oscil-
lator [37], and under the specific conditions <k 0,1 ¹k 0,2

and >k 0,3 it describes an asymmetric bistable Duffing
oscillator. For the case of a single asymmetric Duffing
oscillator starting in its lower-energy configuration, energy
trapping due to an impulsive excitation may be quantified by
comparing the difference in potential energy between its
initial and final states with the initial kinetic energy of the
impulsive excitation. Hence, if the initial and final config-
urations are identical, all of the initial kinetic energy is dis-
sipated and no energy is trapped. If, however, the system
settles in its higher-potential energy well, a portion of the
initial kinetic energy is now captured.

Predicting the system’s final configuration following
impulsive excitation necessitates solving for its transient
dynamics. Solution methods that assume the dynamics can be
described using trigonometric functions lead to poor accuracy
for large nonlinearities [38]. Jacobian elliptic functions have
been proposed as generating solutions for the Duffing
equation, with considerable success for undamped, bistable
Duffing oscillators [37, 39]. Recently, Zhang et al [40] pre-
sented a solution method for the damped snap-through and
intrawell vibrations of a symmetric bistable Duffing oscilla-
tor. However, this approach cannot be directly applied to the
case of an asymmetric Duffing oscillator due to the assumed
symmetric form of the Jacobian elliptic function ( )cn u k, ,c c so
the method is adapted and modified. First, equation (4) is
normalized by mass and rewritten as:

h a b g+ + + + =̈ ( )x x x x x 0, 52 3

where a b g= = =, , ,k

m

k

m

k

m
1 2 3 and h = .b

m
In order to

eliminate the quadratic stiffness β causing the asymmetry, the
system is approximated by two different, symmetric bistable
Duffing oscillators, each approximating the behavior of the

Figure 11. Schematic of a Duffing oscillator. k1, k2, and k3 are the
linear, quadratic and cubic stiffness coefficients of the nonlinear
spring. The oscillator is bistable for <k 01 and asymmetric
for ¹k 0.2
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original system in one of the two potential wells.

h a g+ + + =̈ ( )x x x x x a0; 0, 61 1
3

h a g+ + + = >̈ ( )x x x x x b0; 0. 62 2
3

The stiffnesses a g a, , ,1 1 2 and g2 are obtained from a
least-squares regression of the asymmetrically bistable spring
reaction force in equation (5). The validity of this approach
for describing the force–displacement and potential energy
profiles of the asymmetrically bistable spring is confirmed by
figure 12 for a = -7.1, b = -3.2, and g = 2.9. The
approximated stiffnesses are a = -4.9,1 g = 4.01 for <x 0,
and a = -10.4,2 g = 2.22 for >x 0.

Given initial displacement and velocity x0 and x ,0 the
initial energy of the system is:

a g= + + ( )E x x x , 7i i0
1

2 0
2 1

2 0
2 1

4 0
4

where =i 1 if x 0 and =i 2 otherwise. If >E 0,0 the
initial oscillatory response is interwell, or snap-through, and
is assumed to take the form:

= ( ) ( ) ( )x C t cn u k x a, ; 0, 81 1 1

= >( ) ( ) ( )x C t cn u k x b, ; 0. 82 2 2

( )C ti is the time-varying snap-through vibration ampl-
itude, and ui and ki are the argument and modulus, respec-
tively, of the cn Jacobian elliptic function. To compute initial
amplitude and phase, the undamped case h =( )0 is first
considered, hence the oscillation amplitude =( )C t Ci i0 and
modulus ki are constants, and the argument ui is:

w f= + ( )u t , 9i i i0

where wi is a constant parameter and fi0 is the initial argument
determined by initial conditions. Substituting equation (8) and
its time derivatives into equation (6) yields the following:

w g= ( )C a, 10i i i
2

0

= g
g a+

( )
( )

k b. 10i
C

C
2

2
i i

i

0
2

0

The Jacobian elliptic functions require ki to be con-
strained such that  k0 1,i which leads to the following
condition:

 - a
g

( )0 . 11
C

1

2
i

i io
2

Equations (6)–(10) are combined with the elliptic func-
tion identities + =( ) ( )sn u k cn u k, , 12 2 and

+ =( ) ( )k sn u k dn u k, , 12 2 2 to yield the following expres-
sions for initial amplitude, phase, and system energy:

= a a g g
g

- + + + ⎛
⎝⎜

⎞
⎠⎟ ( )( (( ) ))

C a, 12io
x x2i i i o i

i

2 2
0
2 1

2

1
2

y = -y
y w

( ) ( )( )
( )

sn k b, , 12i i
dn k

cn k

x

x0
,

,
i i

i i i

0

0

0

0

a g= +( ) ( )E C C c2 . 12io i i io0
1

4
2 2

Hence, > - a
g

Cio
2 2 i

i

must be satisfied to ensure >E 0,0 which

is the condition under which snap-through oscillations are
observed for the undamped case. If damping is present in the
system, system energy will satisfy ( )E t E0 for all t t ,0 so
if the above condition on initial oscillation amplitude is not
met, no snap-through events are predicted and oscillations
remain confined to the local potential well. Following the
solution approach for the damped, snap-through transient
response of a symmetric bistable Duffing oscillator [40],
where wC u, , ,i i i and ki vary with time, the following
expression is obtained for the snap-through oscillation
amplitude ( )C ti and argument ( )u ti :

g a a g= + -h- -⎡⎣ ⎤⎦( )( ) ( )C t C ae , 13i i
a

b i
b t a

b i i
2

0
4 2 4 2

i

1
4 1

2

y=( ) ( )u t K b4 , 13i i i

where the coefficients = -a 0.785 92 and =b 0.320 51 are
parameters from a polynomial fit to permit an approximation

of ò  ( )C t tdi over an oscillation period, C0 is the initial

amplitude, and = ( )K K ki i i is the complete elliptic integral of
the first kind. By averaging over one period K4 ,i the para-
meter yi is approximated by:

Figure 12. (a) Reaction force and (b) strain energy of an asymmetrically bistable Duffing oscillator. Solid curves denote the mechanics of the
original asymmetric system described by equation (5), while the dotted and dashed curves denote the mechanics of the approximations of
equations (6a) and (6b), respectively.
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òy @ +f w( ) ( )t td 14i K t

t

K4 4
i

i

i

i

0

0

and the instantaneous displacement ( )x ti may be computed
according to equation (8). Recalling that the system will not
undergo further snap-through oscillations for  - a

g
( )C t ,i

2 2 i

i

the time at which point snap-through oscillations are no
longer predicted is found as:

h= -
a

g

+

+
a

⎡

⎣
⎢⎢⎢

⎤

⎦
⎥⎥⎥⎛

⎝⎜
⎞
⎠⎟

( ) ( )t bln 4 . 15
C

iend
4 a

b i

i i
i a

b

2

2
0
4

2

The system switches between equations (8a) and (8b) each
time a snap-through event occurs at =( )x t 0.snap If

>t t ,end snap a new initial amplitude is found based on the
parameters of the new local potential well as:

=
a a g

g

- + + ⎡
⎣⎢

⎤
⎦⎥ ( )

( ( ))
C , 16j

x
0

2j j j

j

2
snap
2 1

2

1
2

where xsnap is the velocity at time t ,snap and =j 1 for
<x 0snap and =j 2 for >x 0.snap Setting =t t ,0 snap the

procedure outlined in equations (13)–(16) is the repeated until
<t t ,end snap which is the condition that indicates that the final

snap-through event has occurred and any further oscillations
will remain confined to the local potential well as intrawell
vibrations. Figure 13 illustrates the analytical procedure’s
accuracy in predicting the transient intrawell vibrations of a
damped asymmetrically bistable Duffing oscillator under two
different initial conditions: (a) =x 2.2 mm,0

= - -x 0.45 m s0
1 and (b) =x 2.2 mm,0 = - -x 0.80 m s0

1

The stiffness terms k k, ,1 2 and k3 are - -7.1 N mm ,1

- -3.2 N mm ,2 and -2.9 N mm ,3 respectively, which reflect
the stiffness parameters obtained from the quasi-static tests
presented in figure 6. Mass m and damping coefficient b are
prescribed such that the linearized damping ratio and

undamped natural frequency at =x x0 are z = 0.4 and
w = -119 rad s ,n

1 and are selected to reflect an underdamped
oscillator capable of exhibiting the desired strain energy
capturing behaviors under dynamic loads. The oscillator is
initially at rest in its lower-energy stable configuration. Dotted
lines show the trajectories as computed numerically using the
original system description of equation (5), and dashed lines
show the trajectory as computed numerically from the
approximate systems of equations (6a) and (6b) in the two
potential wells. Solid lines present analytically-predicted tra-
jectories until the final snap-through event.

Under the initial conditions of the trajectories plotted in
figure 13(a), the system is observed to undergo one snap-
through event and settle in its higher-energy stable config-
uration, trapping a portion of the initial kinetic energy

= T mx0
1

2 0
2 as recoverable strain energy. The fraction R of

energy thus captured is computed as:

= =D - ( )R , 17U

T

U U

T0

2 1

0

where U1 and U2 are the strain potential energy at the initial
and final configurations, respectively. In figure 13(b) two
snap-through events are observed, and the system settles in its
low energy initial configuration resulting in no energy trapped

=( )R 0 . The results of figure 13 demonstrate the ability of the
presented analytical approach to predict the snap-through
trajectories and final configuration of a damped asymme-
trically bistable oscillator under impulsive excitation, and
hence to predict the fraction of initial kinetic energy that is
captured as recoverable strain energy.

5. Dynamics of a multi-module structure

The assembly of multiple elements in series greatly enhances
opportunities for strain energy capture by leveraging state

Figure 13. Analytically-predicted snap-through trajectories (solid), and numerically integrated trajectories using the asymmetric system of
equation (5) and approximation of equation (6) in consequence to initial conditions (a) =x 2.2 mm,0 = - -x 0.45 m s0

1 and (b)
=x 2.2 mm,0 = - -x 0.80 m s .0

1 In (a), the two numerically-integrated trajectories overlap almost completely. Thin, dotted horizontal lines
denote the two stable equilibria. The analytical approach is demonstrated to accurately predict the final occurrence of snap-through, and
hence the module’s final configuration.
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transitions between configurations at different energy levels.
As illustrated in figure 10(b) for a structure composed of four
serially connected modules, stable configurations exhibit
increased stored energy as the structure is compressed and
modules transition to the higher-energy short configurations.
Assuming linear viscous damping and determining the reac-
tion forces due to deflection in the cubic nonlinear springs
connecting adjacent masses, the following equation of motion
is obtained for mass mj within a series configuration of n
modules shown in figure 14.

+ - + - + -

+ - + -

+ - + -

+ - =

- + + -

+ + -

+ + -

+ +

   ̈ ( ) ( ) ( )
( ) ( )
( ) ( )

( )
( )

m x b x x b x x k x x

k x x k x x

k x x k x x

k x x 0.

18

j j j j j j k j j j j

j j j j j j

j j j j j j

j j j

1 1 1 1, 1

1, 1 1 2, 1
2

2, 1 1
2

3, 1
3

3, 1 1
3

The transient response is strongly influenced by the
initial velocity and kinetic energy, as illustrated by the results
presented in figure 15 for a four-module structure under dif-
ferent input energy levels. The stiffnesses k k, ,j j1, 2, and k j3,

are - -7.1 N mm ,1 - -3.2 N mm ,2 and -2.9 N mm 3 for all
modules. Each module has mass mj and damping coefficient b
selected such that the linearized natural frequency and
damping ratio at each module’s low-energy stable state are
w = -119 rad sn

1
i

and z = 0.4,j respectively. The initial
velocity of the end mass is prescribed as v ,0 and all other
masses are stationary in the low energy state (long config-
uration). The thin, dotted horizontal lines indicate the five
displacements x4 of the end mass for stable configurations of
the four-module structure. For an initial velocity

= -v 0.3 m s ,0
1 shown by the solid line, the initial energy

=T m v0
1

2 4 0
2 is insufficient to cause any of the four modules to

snap through, and the structure remains in its initial config-
uration. For a slightly greater initial velocity of -0.5 m s ,1

shown by the thick dotted line, one of the structure’s modules
snaps through to its short configuration. Since <k 0j2, for all
j, each module’s short configuration has higher potential
energy than its long state and a portion of the initial kinetic

energy is trapped as recoverable strain energy. An initial
velocity = -v 0.8 m s ,0

1 indicated by the dash–dot line,
causes all four modules to snap to the short state, maximizing
trapped strain energy. However, if the initial velocity is
increased to = -v 1 m s ,0

1 the residual kinetic energy after all
modules have collapsed to their high-energy state is sufficient
to force one module to escape its local potential well and snap
back to the lower-energy long configuration, reducing the
quantity of trapped strain energy.

Figure 14. Schematic of a structure composed of n modules arranged in series. Initial velocity is prescribed to the end mass mn in the
indicated direction during dynamic analyses of energy trapping, simulating an impulsive excitation.

Figure 15. Displacements x4 of a four-module structure’s end mass
due to impulsive excitations causing initial velocities v0 when all
modules are initially in their low-energy long configuraitons. Thin
dotted lines indicate the five possible displacements under stable
equilibrium conditions. The structure’s final configuration is strongly
dependent on excitation level.
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6. Energy capture under impulsive excitation

The four initial conditions for which trajectories are plotted in
figure 15 result in four different final configurations and, due
to the modules’ asymmetric bistability, four different quan-
tities of captured elastic potential energy DU. Energy trap-
ping performance may be quantified using the ratio = DR ,U

T0

and by conservation of energy the total energy dissipated is
-( )R T1 .0 While figure 15 demonstrates that input energy

strongly influences the structure’s final configuration, a sys-
tematic investigation is required in order to uncover the
effects of varying structural parameters and excitation levels
on energy trapping performance.

6.1. Strain energy capture in a single asymmetrically bistable
module

To illustrate these effects, figure 16 presents contour plots
showing the fraction of initial kinetic energy that is captured
as recoverable strain energy in a single asymmetrically bis-
table module under a range of initial velocities v0 and dif-
ferent levels of asymmetry. The linear and cubic stiffness
parameters employed in simulation and analysis are

= - -k 7.1 N mm1
1 and = -k 2.9 N mm .3

3 Recalling that the
asymmetry of a cubic nonlinear spring varies with k ,2 the ratio
k

k
2

3
is used as a measure of asymmetry. The module is initially

at rest in its low-energy long configuration and prescribed a
range of initial velocities v0 in the direction of the unstable
equilibrium. Dissipative effects are modeled with a linear
damping coefficient selected such that the linearized damping
ratio at the two stable equilibria of a symmetric module
(where =k 02 ) is z = 0.4. Figure 16(a) presents analytically-
predicted energy trapping performance using the approx-
imation of equation (6) while figure 16(b) shows results from
direct numerical integration of equation (5).

No energy trapping is observed for low initial velocities
since the initial energy is insufficient to induce snap-through.
The modules’ initial and final configurations are hence
identical. A clear boundary is apparent where the initial
velocity, and consequently the initial kinetic energy, becomes
sufficient to cause the module to snap-through and settle in
the higher-energy state following trajectories qualitatively
similar to figure 13(a). Very large initial velocities result in
trajectories resembling figure 13(b), demonstrating no energy
trapping due to the module snapping back to its low-energy
configuration. The analytical prediction of these boundaries
differs slightly from the numerically-obtained results, which
is reasonable given that the analytical method employs an
approximation of the original system. As asymmetry is
increased, a greater initial velocity is required before snap-
through and energy trapping are observed. The greatest
fraction of trapped energy is observed for large asymmetry,
which is consistent with the explanations of figures 3 and 4,
because greater asymmetry increases U1 while decreasing U ,2

resulting in a larger potential energy difference DU. How-
ever, large asymmetries also show a smaller range of velo-
cities for which energy trapping is observed before the
module snaps back to its low energy configuration, resulting
in no strain energy capture.

6.2. Strain energy capture in a four-module structure

While figure 10 demonstrates that a structure with asymme-
trically bistable constituents will exhibit different quantities of
stored energy in its stable configurations, its transient
response and final configuration in consequence to dynamics
loads depends strongly on input energy. To further understand
these influences, figure 17 presents a contour plot showing the
percentage of initial kinetic energy trapped as recoverable
strain energy in a four-module structure under a range of

Figure 16. (a) Analytical prediction and (b) numerical simulation of fraction of initial kinetic energy T0 from an impulsive excitation trapped
as recoverable strain energy as level of asymmetry is varied under a range of initial velocities. Linear and cubic stiffness terms k1 and k3 are
obtained from the cubic nonlinear approximation to the experimentally-obtained force–displacement profile shown in figure 6 of the module
with 2% beam curvature. The quadratic stiffness k2 is varied along the vertical axis to tailor the asymmetry. Boundaries demarcating the onset
of snap-through and snap-back are clearly visible.
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initial velocities v0 and levels of asymmetry ,k

k
2

3
obtained via

numerical integration of equation (18) using a fourth-order
Runge–Kutta solver. Linear and cubic stiffness are nominally
prescribed as = - -k 7.1 N mm .1

1 and = -k 2.9 N mm ,3
3

respectively, with a linearized damping ratio of z = 0.4, but a
random variation is applied to each module’s parameters with
a standard deviation of 5% of the nominal value. As the initial
velocity v0 is increased from 0, a clear color boundary is
noted where the initial kinetic energy =T mv0

1

2 0
2 is suffi-

ciently lae to cause one of the four modules to snap through to
the higher-energy short configuration. Four such boundaries
are visible, corresponding to each of the four layers collapsing
from the long configuration to the short configuration. Con-
sistent with the single module case shown in figure 16,
increasing the level of asymmetry results in a greater mini-
mum initial velocity being required before energy trapping is
observed. In addition, highly asymmetric modules have a
large differenceDU between stable configurations, enabling a
greater portion of the initial kinetic energy to be captured as
recoverable strain potential energy rather than lost due to
dissipation.

The snap-back phenomenon is apparent in figure 17
where a sudden drop in energy trapping is observed as the
initial velocity is increased, and explains the absence of
energy trapping at very large initial velocities where all
modules have snapped back to the long, low energy config-
uration. Snap-back boundaries are most pronounced for
highly asymmetric modules where the energy difference
between stable configurations is large, and these highly
asymmetric structures exhibit only a small range of initial
velocities for which peak energy trapping is observed. These
results reveal that, when designing the level of asymmetry in
energy trapping structures, a balance must be considered

between achieving the peak energy trapping required and
minimizing the likelihood of snap-back.

6.3. Influence of viscous damping on energy capture

A structure’s damping properties strongly influence energy
trapping performance, since the conservation of energy
requires that any portion of the initial kinetic energy T0 that is
not captured as strain energy must be dissipated. Hence, the
fraction of initial kinetic captured as recoverable strain energy
is = DR U T ,0 while the ratio of captured to dissipated
energy is -( )R R1 . Figures 18(a) and (b) present contour
plots with the same ranges of excitation level and asymmetry,
and the same color scale as shown in figure 17. However,
damping coefficients selected such that the modules’ linear-
ized damping ratios are now (a) z = 0.6 and (b) z = 0.8,
respectively. Comparing the results of figure 18 with those in
figure 17, it is observed that increased viscous damping
reduces peak energy trapping performance by dissipating a
greater proportion of the initial kinetic energy. Large ampl-
itude snap-through events dissipate large quantities of energy,
and this characteristic is enhanced as damping levels are
increased, reducing the likelihood of further snap-through or
snap-back events. Moreover, as damping is increased, greater
initial velocities and kinetic energies are required to induce
snap-through events.

Hence, large dissipation is undesirable from an energy
trapping perspective since the objective is to capture, rather
than dissipate, the initial kinetic energy as recoverable strain
energy. However, large dissipation also reduces the likelihood
of snap-back as the excitation level is increased. A balance is
again observed between maximizing the fraction of initial
kinetic energy that is trapped as recoverable strain energy, and
maintaining robustness by minimizing the risk of snap-back
to configurations at low strain energy levels.

6.4. Influence of noise on energy capture

Thermal noise strongly influences the mechanics of muscle
sarcomeres and cross-bridges. In fact, macroscopic length
change and force generation is due to the combination of a
control signal broadcast by the central nervous system and
stochastic behaviors at the sarcomere level [41]. Local ther-
mal noise acts as an additive white noise component to a
nerve impulse, and collective behaviors arise due to the fact
that a single motor neuron controls approximately a billion
individual sarcomeres [3]. The nerve impulse influences the
probability of sarcomere state transitions, and feedback from
muscle spindles leads to the modulation of the control signal
in order to enable fine, continuous macroscopic length change
and force generation. However, thermal noise can also inhibit
the energy storage, since elements may be more likely to
escape shallow potential wells at high energy levels into
lower-energy configurations. To understand these influences,
and to guide the development of energy trapping devices for
applications such as actuators and energy absorbing devices
used on micro and nano length scales, simulations are per-
formed using the stochastic differential equation (SDE)

Figure 17. Fraction of initial kinetic energy T0 that is trapped as
recoverable elastic potential energy by the structure as the level of
asymmetry and initial velocity of the end mass are varied. Linear and
cubic stiffness parameters are obtained from a least-squares fit of a
cubic nonlinear stiffness to the experimentally-obtained force–
displacement profile of a module with 2% beam curvature. Damping
coefficients are selected such that each module’s linearized damping
ratio is z = 0.4 at the low-energy configuration. The discrete
boundaries of energy trapping performance indicate the occurrence
of snap-through and snap-back. Greatest energy trapping perfor-
mance is observed at high asymmetry levels, but this comes with an
increased risk of snap-back.
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Toolbox [42]. A four-module structure initially at the lowest-
energy stable configuration with varying levels of asymmetry
and a range of prescribed initial velocities, is subject to
thermal noise modeled as a zero-mean random excitation on
each module with a standard deviation s = -3 mm s .2 The
susceptibility of bistable systems to snap-through may be
strongly influenced by the presence of random excitations
[43, 44], and given the modules’ parameters developed in
section 2, this level of noise is sufficient to prevent highly
asymmetric modules from settling in their high energy states,
and is employed to illustrate the corresponding effect on
energy capture and storage. Figure 19 presents the resulting
contour plot for simulations where nominal stiffness para-
meters of each module are those obtained from experimental
force–displacement results of a module with 2% beam cur-
vature. Compared with the results of figure 17, the addition of

noise is confirmed to greatly inhibit energy capture, with
highly asymmetric structures exhibiting no energy trapping.
Stochastic excitations are known to induce snap-through
oscillations in Duffing-type bistable oscillators [45–47], and
due to the relative depth of the potential wells of an asym-
metrically bistable element and the energy required to over-
come the local energy barrier, the presence of noise is more
likely to cause transitions from the high-energy configuration
to the low-energy configuration than vice versa. As a result, a
structure comprised of highly asymmetric modules is less
likely to trap and store energy in high-energy states without
the occurrence of noise-induced snap-back. Thus, when
designing strain energy capture devices in applications where
stochastic influences are non-negligible, the degree of asym-
metry should be strategically selected based on the expected
magnitude of the noise.

7. Conclusions

The energetic versatility and functionality exhibited by ske-
letal muscle provides great inspiration for the development of
advanced structures and materials. Inspired by these char-
acteristics, and by the mechanics of muscle micro- and nano-
scale building blocks—sarcomeres and cross-bridges—this
research investigates the ability of modular structures com-
posed of asymmetrically bistable constituents to capture and
store recoverable strain energy in higher-energy stable con-
figurations. Individual one-dimensional modules are
designed, fabricated, and comprehensively studied, providing
insight into how geometric parameters influence asymme-
trically bistable strain energy landscapes. System identifica-
tion enables analytical prediction of the transient dynamics of
asymmetrically bistable modules using Jacobi elliptic

Figure 18. Fraction of initial kinetic energy T0 that is trapped as recoverable elastic potential energy by the structure, as the level of
asymmetry and initial velocity of the end mass are varied when damping coefficients are selected such that the linearized damping ratios are
(a) z = 0.6 and (b) z = 0.8 in the low-energy configurations. Compared with the results for z = 0.4 in figure 17, larger damping ratios
generally degrade energy trapping performance, but result in a reduced risk of snap-back at higher asymmetry levels. The portion of initial
kinetic energy that is not captured must be dissipated, so the compromised energy trapping performance at higher levels of damping
corresponds to a greater proportion of dissipated energy.

Figure 19. Energy trapping performance of a four-module structure
for different levels of asymmetry and under various initial velocities
v .0 The system’s modules are also subject to white noise excitation
with s = -3 mm s .2 The presence of noise compromises energy
trapping at large levels of asymmetry.
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functions. Modular assembly of asymmetrically bistable
constituents is then explored, generating complex, multiwall
strain energy landscapes and enhancing opportunities for
strain energy capture by exploiting the different energy levels
of the structure’s stable configurations. Lastly, the energy
trapping behaviors of single modules and multiple-module
structures under impulsive excitations is investigated,
demonstrating their ability to capture a portion of the initial
kinetic energy of the excitation as recoverable strain energy.
The influences of asymmetry, dissipation, and noise are
explored, revealing a balance between maximizing the
amount of captured energy and minimizing the risk of the
structure snapping back to its low-energy state. Ongoing
efforts are underway to understand how the trapped energy
may be effectively and efficiently released to enable useful
mechanical work.
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This corrigendum presents figures 16–19 in the final
version of the article redrawn to address clarity and

readability. The authors regret any inconvenience this may
have caused.
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Figure 16. (a) Analytical prediction and (b) numerical simulation of fraction of initial kinetic energy T0 from an impulsive excitation trapped
as recoverable strain energy as level of asymmetry is varied under a range of initial velocities. Linear and cubic stiffness terms k1 and k3
are obtained from the cubic nonlinear approximation to the experimentally-obtained force-displacement profile shown in figure 6 for the
module with 2% beam curvature. The quadratic stiffness k2 is varied along the vertical axis to tailor the asymmetry. Boundaries demarcating
the onset of snap-through and snap-back are clearly visible.
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Figure 17. Fraction of initial kinetic energy T0 that is trapped as recoverable elastic potential energy by the structure as the level of asymmetry
and initial velocity of the end mass are varied. Linear and cubic stiffness parameters are obtained from a least-squares fit of a cubic nonlinear
stiffness to the experimentally-obtained force-displacement profile of a module with 2% beam curvature. Damping coefficients are selected
such that each module’s linearized damping ratio is ζ = 0.4 at the low-energy configuration. The discrete boundaries of energy trapping
performance indicate the occurrence of snap-through and snap-back. Greatest energy trapping performance is observed at high asymmetry
levels, but this comes with an increased risk of snap-back.

Figure 18. Fraction of initial kinetic energy T0 that is trapped as recoverable elastic potential energy by the structure as the level of asymmetry and
initial velocity of the end mass are varied when damping coefficients are selected such that the linearized damping ratios are (a) ζ = 0.6 and (b)
ζ = 0.8 in the low-energy configurations. Compared with the results for ζ = 0.4 in figure 17, larger damping ratios generally degrade energy
trapping performance, but result in a reduced risk of snap-back at higher asymmetry levels. The portion of initial kinetic energy that is not captured
must be dissipated, so the compromised energy trapping performance at higher levels of damping corresponds to a greater proportion of dissipated
energy.
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Figure 19. Energy trapping performance of a four-module structure for different levels of asymmetry and under various initial velocities
v0. The system’s modules are also subject to white noise excitation with 3 .mm

s2s = The presence of noise compromises energy trapping at

large levels of asymmetry.
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