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a b s t r a c t 

The high-performing, nonlinear vibration energy harvesters are conventionally investigated 

when integrated with simplified resistive electrical circuits (AC circuits), while in fact DC 

voltages are needed for electronics and rechargeable batteries in practical applications. To 

lead to an accurate and effective set of design guidelines for realistic energy harvesting 

system development, an analytical, harmonic balance based method is proposed to charac- 

terize the steady state performance and investigate the DC circuit effects. During the route 

of the analysis method, the induced nonlinear, piecewise piezovoltage is firstly approxi- 

mated via smooth dynamic responses based on the energy equivalence, which enables the 

followed harmonic balance operation to analytically estimate the vibration amplitude. The 

parameter studies show the pros and cons of the coupling constant and resistive load. In 

one side, with increasing the coupling constant or load resistance during their moderate 

range, higher electric power is extracted. In the other side, higher piezoelectric coupling 

and resistive load compromise the beneficial bandwidth of snap-through vibrations. More- 

over, comparisons are conducted to reveal the different structural roles of the standard 

electrical circuit and AC circuit. It is found that AC circuit exhibits equivalent damping ef- 

fect while the standard rectifying electrical circuit exhibits both equivalent damping and 

stiffness effects to the harvester system. These different circuit effects explain the theoreti- 

cally predicted and numerically validated phenomena that the standard rectifying electrical 

circuit extracts less electric power than AC circuit under moderate piezoelectric coupling 

constants and resistive loads, while outperforms AC circuit when the coupling constants or 

load resistances are relatively large. 

© 2019 Elsevier B.V. All rights reserved. 

 

 

 

1. Introduction 

The restricted life span and costly maintenance of batteries powering remote electronics or wireless sensor networks

have motivated recent research effort s on converting electric power from the environmental [1 , 2] and human-induced [3 , 4]

vibrations to alleviate the dependence on batteries and realize a new concept for self-powered electronics. In this domain,
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piezoelectric based electromechanical devices [5–7] have drawn much attention due to their high energy conversion effi-

ciency [8] and easy integration into systems [9 , 10] . 

For piezoelectric energy harvesters, a mechanical oscillator is often attached to the vibration source to apply a driving

stress on the coupled piezoelectric elements, and the vibration-induced voltage is further stored or consumed by a circuit

interface [11] . To date, many researches have focused on broadening the beneficial bandwidth of piezoelectric harvesters

to satisfy broadband base excitations [12–14] . Bistable harvesters, that possess two configurations of static equilibrium,

have gained particular attention since the snap-through effect of oscillating from one stable state to another can gener-

ate high power output [15–17] . Numerous bistable harvester configurations have been designed, including the buckled beam

bridge [18–21] , cantilevered beam with repulsive [22–24] or attractive magnet forces [25 , 26] , and cantilevered bistable plate

[27] . The dynamic behaviors and energy harvesting performance of bistable structures have been investigated via numerical

methods [28 , 29] , analytical analysis [30 , 31] including harmonic balance analysis [32 , 26] , and experimental validations [33] .

Collectively, the findings have revealed that snap-through may be activated regardless of the form or frequency of input

excitation, making bistable harvesters potentially more beneficial in realistic environments. However, most of these studies

consider that the piezoelectric element is directly connected with an electrical load resistance, thus only a simplified AC

power is considered [9] . Yet, in practice most electronic devices or rechargeable batteries require a DC voltage, such that

the electric circuit that interfaces the piezoelectric element and terminal electronics must rectify the AC power to DC power

[34] . 

There are several nonlinear circuits considered to rectify the AC voltage or further enhance the conversion ability of

piezoelectric elements [35–37] , including the standard diode bridge-based circuit [38 , 39] , synchronized switch harvesting

on inductor (SSHI) [40–42] , tunable parallel synchronized switch harvesting on inductance (PSSHI) [43] , the synchronous

electric charge extraction (SECE) circuits [44 , 45] , short-circuit synchronous electric charge extraction (SC-SECE) [46] , and

frequency tuning synchronous electric charge extraction (FT-SECE) [47] . However, such energy capture and storage circuit

performances are typically estimated or optimized when connected to a linear energy harvester. Only a few studies have

characterized the performance of bistable harvesters interfaced with rectifying electrical circuits. Chen et al. compared the

harvested power of bistable harvester interfaced with switching and standard circuits using a work-cycle method [48] . Liu

et al. studied the bistable harvester coupled with optimized SECE circuit [49] . Singh et al. investigated the performance ob-

tained by connection to the SCE (synchronous charge extraction) circuit [50] . Wu proposed synchronous mechanical switches

to passively rectify the induced voltage into DC form [51] . Cheng et al. proposed COV-PSSHI circuit to enhance the energy

harvesting performance [52] . Dai et al. investigated the DC power extraction performance under combined harmonic and

stochastic excitations [53] . Lan et al. proposed a numerical, Newton’s method enabled harmonic balance technique to an-

alyze the performance of the monostable energy harvester interfaced with the standard rectifying electrical circuit [54] .

Considering the induced piezovoltage from the DC circuits exhibits piecewise property due to the alternative conducts and

blocks of the rectifying diode bridge, the standard harmonic balance method could not be directly used to estimate the

dynamic responses. Thus, these investigations surveyed above mainly focus on studies using numerical simulation methods

complemented by experimental investigations. There remains the need for a more rigorous and analytical characterization

of the system performance resulting from the interaction of bistable harvesters and nonlinear circuits. 

The goal of this research is to advance the state of the art and comprehensively investigate the performance of bistable

harvesters interfaced with the rectifying electrical circuit. Here we will focus our study on utilizing a standard type of

rectifying circuit, in which a rectifier bridge followed by a capacitor is used to rectify the piezovoltage from AC to DC

power. This circuit composition continues to attract attention because it operates passively, and as such does not need

external control or energy input. To achieve the research goal, an analytical approach is proposed to provide a rigorous and

systematic framework for insightful analysis. Through the combination of analytical, numerical, and experimental efforts,

this research uncovers the influences of the coupling between the nonlinear bistable vibration energy harvester and the

nonlinear standard rectifying electrical circuit to store electric power converted from the input excitation. The investigation

also illustrates the different effects of the standard rectifying electrical circuit and AC circuit on the system dynamics and

energy harvesting performance. 

The rest of this paper is organized as follows. The bistable harvester system coupled with the standard rectifying electri-

cal circuit and its governing equations are reviewed in Section 2 . The mathematical formulation and procedures undertaken

to analytically predict the steady state dynamics and harvested power under harmonic excitation are presented in Section 3 .

Section 4 discusses the experimental system setup. In Section 5 , the system performance is characterized under different

excitation levels and frequencies, and the role of the interfaced circuit is explored. Finally, the performance of the interfaced

system with respect to excitation level and frequency, and circuit parameters is validated via experiments, as discussed in

Section 6 . 

2. System model 

Bistable energy harvesters are implemented widely using a cantilever with repulsive or attractive magnet pairs on the

free end, or a buckled beam under axial compressive force mechanisms [9 , 55] . In such architectures, it is well established

that the nonlinear stiffnesses are approximated via negative linear and positive cubic components in a restoring force ex-

pansion [9] . For a general understanding of the mechanism of such bistable energy harvesting systems, in this study, the

harvester of interest is generalized as a base-excited bistable oscillator having piezoelectric conversion mechanism, and the
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Fig. 1. Bistable energy harvester interfaced with standard rectifying electrical circuit: (a) prototypical bistable, piezoelectric energy harvester; and (b) 

equivalent model for the dynamic system. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

latter component is interfaced with an external standard rectifying electrical circuit which converts the piezovoltage from AC

to DC form. Fig. 1 (a) illustrates a typical prototype of bistable, piezoelectric harvester interfaced with the standard rectifying

circuit. The bistable system is equivalized as a lumped-parameter model by strict mathematic derivation [56] , as shown in

Fig. 1 (b). The governing equation for the coupled system are expressed as: 

m ̈x + d ̇ x − k 1 x + k 3 x 
3 + �v p = −m ̈z (1)

� ˙ x − C p ̇ v p = i (2)

i = 

{ 

C r ̇ v r + v r /R , if v p = v r 
−C r ̇ v r − v r /R , if v p = −v r 
0 , if | v p | < v r 

(3)

where x is the relative displacement of the effective mass m with respect to base; z is the base motion given by z̈ = −p cos ωt

where p and ω are the amplitude and frequency of the base oscillation, respectively; d is the viscous damping constant; k 1
and k 3 are the linear and nonlinear stiffnesses, respectively; � is the force-voltage coupling factor; v p is the voltage across

the piezoelectric capacitance C p ; i is the current flow through the diode bridge which rectifies the piezovoltage into DC

voltage; v r is the voltage across the filter capacitance C r in parallel with the load resistance R . Under harmonic excitation, the

structure may exhibit high-orbit snap-through vibration around the three equilibrium points including two stable equilibria

x ∗ = ±
√ 

k 1 / k 3 and one unstable equilibrium x ∗ = 0 , or low-orbit intrawell vibration which oscillates around only one of the

stable equilibrium positions. These two dynamic regimes result in dramatically different effectiveness in energy conversion

in the vibration energy harvesting context. 

3. Analytical estimation using harmonic balance based method 

In the routine of the proposed analytical method, a prior processing is conducted to approximate the piecewise piezo-

voltage via the smooth dynamic responses based on the energy equivalence, which enables the further adoption of harmonic

balance analysis to estimate the vibration amplitude. The steady state dynamic responses of bistable structures under har-

monic excitation usually contain the fundamental motion which shares the same oscillating frequency with the excitation

force and the higher harmonic components. Considering the fundamental frequency component plays a crucial role in the

vibration responses on a wide range of excitation frequencies, only the fundamental frequency component is considered in

this analysis. Accordingly, the vibration displacement can be assumed as 

x = a cos ω t + b sin ω t + c = A cos ( ω t − ψ ) + c (4)

where a , b and c vary slowly in time for steady state dynamic responses; A = 

√ 

a 2 + b 2 and ψ are displacement amplitude

and phase lag, respectively; a = A cos ψ ; b = A sin ψ ; c describes the displacement offset of the bistable device since the

oscillator permits oscillations around either of the stable equilibrium positions, while c is 0 for snap-through vibration

which denotes large amplitude displacements that span the two stable equilibria positions. 

3.1. Smooth representation of the piecewise piezovoltage 

The standard rectifying electrical circuit is interfaced with the periodically strained piezoelectric elements of the bistable

harvester to obtain smooth DC voltage outputs. Here the diode is assumed to be perfect such that no voltage-drop occurs

when the current flows through. The output DC voltage v r must be stabilized in most applications, and a feasible approach
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Fig. 2. Typical piezovoltage and its fundamental harmonic component. 

 

 

 

 

 

 

 

 

 

 

 

 

 

to achieve this is to adopt a relatively large filtering capacitance C r so that v r is near constant over the course of an excitation

period. 

A new variable ω τ = ω t − ψ is introduced. The displacement is expressed as x = A cos ωτ + c, which starts from its max-

imum point when τ (0) = 0 . As illustrated in Fig. 2 , the rectifier bridge alternatively conducts and blocks the current flow

during one base excitation cycle. When the absolute value of the piezovoltage | v p | reaches the rectified voltage v r , the bridge

conducts and the current flows into the circuit. On the other hand, the bridge remains blocked during the interval when

| v p | < v r . The state switching of the rectifier bridge from being conducted to being blocked occurs at the maxima points of

the vibration displacement which are also the zero-crossing points of the velocity. The piezovoltage v p is piecewise due to

the alternating state of current provided at the diode bridge output. Based on the assumption that near constant rectified

DC voltage is obtained in this research via adopting a relatively large filtering capacitance in the system, the piezovoltage is

derived using Eqs. (2) , (3) and (4) . 

v p = 

⎧ ⎪ ⎪ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎪ ⎪ ⎩ 

�A 

C p 
( cos ( ωτ ) − 1 ) + v r , ωτ ∈ [ 0 , θ ) ;

−v r , ωτ ∈ [ θ, π) ;
�A 

C p 
( cos ( ωτ ) + 1 ) − v r , ωτ ∈ [ π, π + θ ) ;

v r , ωτ ∈ [ π + θ, 2 π ] . 

(5) 

where θ is the rectifier blocked angle in half an oscillation cycle and satisfies 

�A 

C p 
( cos θ − 1 ) + v r = −v r . (6) 

Considering that the averaged charge flow through the rectifier bridge equals that consumed on the load resistance

during one base motion cycle, the integration of Eq. (2) on half the vibration period 0 ≤ ωτ ≤ π equals that of Eq. (3) . ∫ π

0 
( � ˙ x − C p ̇ v p ) dωτ = −2�A + 2 C p v r = 

∫ π

0 
( −C r ̇ v r − v r /R ) dωτ ≈ −v r 

R 

· π

ω 

. (7) 

Combining Eqs. (6) and (7) , one obtains 

v r = 

�ARω 

ω C p R + π/ 2 

; (8) 

cos θ = 1 − 2 C p Rω 

ω C p R + π/ 2 

. (9) 

The piecewise piezovoltage v p is then approximated using its fundamental harmonic component v p, f . This is a strategy

proposed by Liang and Liao [39] based on the energy balance thought [38] in the analysis of linear harvesting systems.

Considering v p is a periodic function with period T = 2 π/ω , its fundamental harmonic component is obtained via expanding
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v p in Fourier series 

v p, f = 

�A 

2 πC p 

[
( 2 θ − sin 2 θ ) cos ω τ − 2 sin 

2 θ sin ω τ
]

= 

�

2 πC p 

{[
a ( 2 θ − sin 2 θ ) + b · 2 sin 

2 θ
]

cos ω t + 

[
−a · 2 sin 

2 θ + b ( 2 θ − sin 2 θ ) 
]

sin ω t 
} . (10)

During one vibration cycle, the waveforms of typical piezovoltage and its smooth representation are illustrated in Fig. 2 .

From the waveform point of view, deviation is observed between v p and its fundamental harmonic component v p, f . While

from the power point of view, the averaged energy extracted via piezoelectric element during one vibration cycle is ex-

pressed as 

E pzt = 

1 

T 

∫ T 

0 

�v p ̇ x dt . (11)

Considering that ˙ x is orthogonal to the high-order harmonics of v p and their inner products will be null based on the

assumed forms of the displacement and velocity functions, thus representing v p with v p, f is reasonable for energy estimation

of the harvester system. 

3.2. Estimation of vibration amplitude and harvested power 

Substituting Eq. (4) and its first- and second-order derivatives as well as Eq. (10) into the governing Eq. (1) , the coeffi-

cients of the constant, sin ωt and cos ωt are separately equated based on the harmonic balance method 

d ̇ c = −c 

[ 
−k 1 + 

3 

2 

k 3 
(
a 2 + b 2 

)
+ k 3 c 

2 
] 
; (12)

d ̇ a + 2 mω ̇

 b = a k 1 − 3 

4 

k 3 a 
(
a 2 + b 2 

)
− 3 k 3 a c 

2 − bdω + ma ω 

2 − a �2 

2 πC p 
( 2 θ − sin 2 θ ) − b �2 

πC p 
sin 

2 θ + mp (13)

−2 mω ̇

 a + d ̇ b = b k 1 − 3 

4 

k 3 b 
(
a 2 + b 2 

)
− 3 k 3 b c 

2 + adω + mb ω 

2 + 

a �2 

πC p 
sin 

2 θ − b �2 

2 πC p 
( 2 θ − sin 2 θ ) . (14)

Steady state dynamics are predicted in the event that the time derivatives are zero. Using this assumption, a and b can

be expressed using the external force and vibration amplitude A . 

a = 

mp 
[
−k 1 + 3 k 3 A 

2 / 4 + 3 k 3 c 
2 − m ω 

2 + �2 ( 2 θ − sin 2 θ ) / 2 πC p 
]

[ −k 1 + 3 k 3 A 

2 / 4 + 3 k 3 c 2 − m ω 

2 + �2 ( 2 θ − sin 2 θ ) / 2 πC p ] 
2 + 

[
dω + �2 sin 

2 θ/ πC p 
]2 

; (15)

b = 

mp 
[
dω + �2 sin 

2 θ/ πC p 
]

[ −k 1 + 3 k 3 A 

2 / 4 + 3 k 3 c 2 − m ω 

2 + �2 ( 2 θ − sin 2 θ ) / 2 πC p ] 
2 + 

[
dω + �2 sin 

2 θ/ πC p 
]2 

. (16)

The vibration amplitude A can then be estimated based on the relationship A 

2 = a 2 + b 2 . For snap-through motion oscil-

lating symmetrically around the three equilibrium points, the variables are calculated to satisfy 

c = 0 ; (17)

A 

2 

{ [
3 

4 

k 3 A 

2 − m ω 

2 − k 1 + 

�2 

2 πC p 
( 2 θ − sin 2 θ ) 

]2 

+ 

[
dω + 

�2 

πC p 
sin 

2 θ

]2 
} 

− ( mp ) 
2 = 0 . (18)

On the other hand, for intrawell oscillation, the nonzero constant c and vibration amplitude can be calculated to meet 

c 2 = 

k 1 
k 3 

− 3 

2 

A 

2 ; (19)

A 

2 

{ [
−15 

4 

k 3 A 

2 − m ω 

2 + 2 k 1 + 

�2 

2 πC p 
( 2 θ − sin 2 θ ) 

]2 

+ 

[
dω + 

�2 

πC p 
sin 

2 θ

]2 
} 

− ( mp ) 
2 = 0 . (20)

Thus the displacement amplitudes of snap-through and intrawell vibrations can be obtained via solving the roots of

Eqs. (18) and (20) , respectively. These amplitude expressions are derived via the harmonic balance method, and similar

derivations could be found in analyzing the harmonic responses of the bistable oscillator [16] or the bistable energy har-

vester interfaced with an AC circuit [32] . Eqs. (18) and (20) are one variable cubic equations with the variable A 

2 and may be

directly solved via the Cardano formula or via straightforward root evaluation algorithms. The latter approach is employed

in this research using the roots command in the MATLAB software. 
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Considering the harvested power is consumed by the load resistance, the harvested power can be estimated and ex-

pressed as a function of the vibration amplitude from Eq. (8) . 

P = 

v 2 r 

R 

= 

�2 A 

2 ω 

2 R 

( ω C p R + π/ 2 ) 
2 
. (21) 

3.3. Stability analysis of the analytical results 

Though separately six roots satisfy the governing Eqs. (18) and (20) of the vibration amplitude in the snap-through and

intrawell regimes, respectively, only a few physical meaningful solutions can be realized in practice. A stability evaluation is

performed to identify the stable responses that are physically meaningful and can be realized experimentally. Eqs. (12) –(14)

are cast into the form L · ˙ ⇀ 

y = F ( 
⇀ 

y ) , where vector 
⇀ 

y is defined as 
⇀ 

y = [ c, a, b ] T . The matrix L and vector F are thus expressed

as: 

L = 

[ 

d 0 0 

0 −2 mω d 
0 d 2 mω 

] 

(22) 

F 
(−→ 

y 
)

= 

⎡ 

⎢ ⎢ ⎢ ⎢ ⎣ 

−c 

[ 
−k 1 + 

3 

2 

k 3 
(
a 2 + b 2 

)
+ k 3 c 

2 

] 
a k 1 − 3 

4 

k 3 a 
(
a 2 + b 2 

)
− 3 k 3 a c 

2 − bdω + ma ω 

2 − a �2 

2 πC p 
( 2 θ − sin 2 θ ) − b �2 

πC p 
sin 

2 θ + mp 

b k 1 − 3 

4 

k 3 b 
(
a 2 + b 2 

)
− 3 k 3 b c 

2 + adω + mb ω 

2 + 

a �2 

πC p 
sin 

2 θ − b �2 

2 πC p 
( 2 θ − sin 2 θ ) 

⎤ 

⎥ ⎥ ⎥ ⎥ ⎦ 

(23) 

Stability of steady state dynamic predictions may be determined by assessing the eigenvalues of the Jacobian of G =
L −1 · F ( 

⇀ 

y ) | ⇀ 

y = ⇀ 

y 0 
where � y 0 represents the steady state responses from the aforementioned analysis. The dynamic response

is determined to be stable only if all the eigenvalues’ real parts are negative. It is noted that the external disturbance is

not considered in this research, and the stable solutions indicate physically reachable vibrations and couldn’t reveal the

vibrations stability or robustness under external disturbance [57] . 

4. Experimental system setup 

The parameters used throughout the following analytical and numerical studies correspond to the experimental system

utilized in this research. The main mechanical structure is a bistable cantilever beam with piezoelectric transducer patches,

as shown in Fig. 3 . 

The spring steel cantilever of length 133.35 mm, width 12.7 mm and thickness 0.508 mm is ferromagnetic and mounted

in the horizontal orientation such that gravitational influence does not affect the beam transverse response. Two impulsive

magnets are spaced approximately δ = 7 . 14 mm away from the cantilever tip, and the center-to-center distance of the two

magnets is 
 = 26 . 98 mm. Thus, the bistability is induced due to the combination of elastic and magnetic forces exerted

at the beam tip, and the primary generalized displacement is the beam tip motion. In this configuration, the two intrawell
Fig. 3. Experiment systems. 
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Table 1 

Parameters of the experimental setup. 

Component Value or model 

mass, m [g] 1.92 

damping, d [N.s/m] 3.92 × 10 −3 

stiffness, k 1 [N/m] 23.2 

stiffness, k 3 [N/m 

3 ] 5.37 × 10 5 

piezoelectric coupling, � [N/V] 0.0327 × 10 −3 

piezo capacitance, C p [F] 1.28 × 10 −8 

filter capacitance, C r [F] 4.7 × 10 −5 

resistance, R [ k�] 56 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

natural frequencies were measured to be 25.06 Hz and 24.44 Hz with stable equilibria at x̄ = ±6 . 57 mm, ensuring as close

to ideal symmetry of the double-well potential was achieved. On each side of the beam, two piezoelectric patches of length

11.1 mm and width 12.7 mm are bonded to the beam surface in series using silver epoxy (MG Chemicals 8831) such that

the patch centers are spaced from the cantilevered end by 22.2 mm and 37.3 mm, respectively. In the experiments hereafter,

only two piezoelectric elements bonded to one side of the beam (see Fig. 3 ) are connected through the circuit [40] , and the

total capacitance is measured to be C p = 1 . 28 × 10 −8 F . The piezoelectric elements are then interfaced with a standard diode

bridge-based rectifying electrical circuit in which the filter capacitance and load resistance are chosen as C r = 47 μF and

R = 56 k�, respectively. The forward voltage drop of the rectifier diode is measured to be about 0.4 V. The bistable structure

is mounted on an electrodynamic shaker (APS ELECTRO-SEIS) of which the base motion can be controlled. An accelerometer

(PCB-352C33) is installed at the end of the shaker to track the base acceleration. Measurements of the vibration displace-

ment and velocity of the bistable beam are also acquired using the laser interferometers (Polytec OFV-30 01, OFV-50 0 0) and

of the rectified voltage across the load resistance R . 

To provide comparable analysis with experiments, the effective system parameters in the lumped model with the gov-

erning Eq. (1) are estimated based on the mathematical derivatives and formulas in Ref. [58 , 56] . These effective system

parameters are identified basically from measurements (e.g., the damping constant by the log-decrement method, and the

linear stiffness from the natural frequency of the perturbation responses around the stable equilibrium, and capacitance by

multi-meter readout) or effective relations (e.g., the equivalent mass of a cantilevered beam from Ref. [59] , and equivalent

excitation amplitude based on the accelerometer measurement with a multiplicative factor [56] ) and presented in Table 1 . 

5. Analytical investigations 

In this section, the system performances are characterized under different external excitation levels and frequencies.

Considering the effects of the system geometry parameters of bistable harvesters on the dynamics have been widely inves-

tigated [60] , the influence of the electromechanical coupling constant and load resistance of the DC circuit on the system

performance is studied. Also, the influence of the standard rectifying electrical circuit is explored, and quantitatively and

qualitatively compared with the AC circuit (pure resistive load interface) on the harvester responses. The system parameters

employed are the same as those in Table 1 . The linear natural frequency of the mechanical oscillator can be calculated as

ω n = 

√ 

k 1 /m . A normalized frequency υ = ω/ ω n is adopted in the analysis hereafter which provides the ratio of the excita-

tion frequency to the linear natural frequency. 

5.1. Performance characterization with respect to excitation amplitude and frequency 

The steady state dynamics and energy harvesting performance are characterized with different excitation amplitudes and

a wide frequency range of 0 < υ ≤ 3 . Considering that the harvested power has the same trend as the rectified voltage

for fixed load resistance, only the harvested power is displayed here. For quantitative description and comparison of the

excitation level, the dimensionless excitation amplitude adopted in existing work is calculated as p̄ = p/ x 0 ω 

2 
n where x 0 is

the static equilibrium expressed as x 2 0 = k 1 / k 3 [26] . Additionally, the analytical predictions are compared with the numeri-

cal results calculated via a fourth-order Runge-Kutta algorithm of Eqs. (1) –(3) conducted in the software MATLAB with 15

randomly generated initial conditions. Fig. 4 (a) and (b), respectively, present the amplitude of the fundamental harmonic

component of vibration displacement and the harvested power for a weak excitation level of p = 0 . 8 m / s 2 ( ̄p = 0 . 010 ). The

solid (dashed) lines are analytical estimations of the stable (unstable) responses, while the circles present numerical sim-

ulation counterparts. It reveals that under weak excitation the high-orbit snap-through vibration that spans between the

two stable equilibria is always coexisted with low-orbit intrawell vibration. Comparison between analytical and numerical

predictions shows good agreement in general, while in certain cases the analytical method predicts potential vibrations

whereas the corresponding numerical results are not tracked in the limited attempts. 

Figs. 5 and 6 show the dynamic responses and harvested powers under greater excitation levels of p = 2 . 5 m / s 2 ( ̄p =
0 . 032 ) and p = 15 m / s 2 ( ̄p = 0 . 189 ), respectively. The two cases marked using the triangle and diamond in Fig. 6 are illus-

trated in Fig. 7 , with the numerically simulated dynamic responses, induced voltage and electric current. It is shown that

the induced piezovoltage and electric current during one vibration cycle are divided into charging and discharging stages,
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Fig. 4. Frequency dependence of (a) response amplitude and (b) harvested power for p = 0 . 8 m / s 2 . 

Fig. 5. Frequency dependence of (a) response amplitude and (b) harvested power for p = 2 . 5 m / s 2 . 

Fig. 6. Frequency dependence of (a) response amplitude and (b) harvested power for p = 15 m / s 2 . The triangle and diamond indicate the excitation fre- 

quency υ= 0 . 8 under which the time varying waveforms of the dynamic responses and induced voltages are numerically estimated and shown in Fig. 7 . 

 

 

 

 

 

 

 

and the vibration amplitude and extracted DC voltage from the snap-through vibration are much larger than those from the

intrawell vibration. It also reveals that the dynamic response in Fig. 7 (b) is not sinusoidal due to the existence of higher

harmonics, and slight prediction error is thus produced by the analytical method in predicting the vibration amplitude and

harvested DC voltage because only one-term, fundamental frequency component is considered. 

From Figs. 4–6 , it is concluded that when larger excitation amplitude is applied, the effective frequency range activating

snap-through vibration is wider, whereas the two intrawell branches are shortened and thus a unique frequency range

that only activates snap-through vibrations is presented under relatively large excitation level. In general, the results reveal

that analytical predictions faithfully predict the trend of harvester responses, while finite deviation between analytical and
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Fig. 7. Numerically simulated waveforms of the dynamic responses, induced voltages and electrical current in (a) snap-through regime and (b) intrawell 

regime. 

Fig. 8. Numerical results of the intrawell oscillations as indicated by the labels T1 and T2 in Fig. 6 . Here, (a) is the motion labeled by T1, and (b) corresponds 

to the motion labeled by T2. The up-to-low rows are the displacement, induced voltage, and frequency spectrum of the displacement, respectively. 

 

 

 

 

 

 

 

 

 

 

 

numerical results especially for relatively large excitation level is observed when the normalized excitation frequency is

around 2. Fig. 8 illustrates the simulated dynamic responses and induced voltage of the intrawell oscillations as indicated

by the labels T1 and T2, respectively. Besides the zero-frequency component which corresponds to the displacement drift

of the intrawell oscillation, it is found the fundamental frequency component is the primary component in the Fig. 8 (b3),

and thus the analytical prediction is in good agreement with numerical result. However, for the subharmonic resonance

vibration shown in Fig. 8 (a1), the subharmonic component is primary and higher harmonic components are also observed,

obvious error occurs in the analytical estimation when only one-term harmonic function is used to describe the response. 

5.2. Effect of load resistance 

The load resistance located in the standard rectifying electrical circuit consumes the harvested electrical power and thus

has damping effect on the harvester dynamics. To investigate the influence of load resistance on the system dynamics and

energy harvesting performance, three different load resistances of R 1 = 100�, R 2 = 10k� and R 3 = 1M� are adopted to

estimate the steady state vibration amplitude, rectified voltage and harvested power on the excitation frequency range of

0 < υ ≤ 3 with the excitation amplitude fixed at p = 7 m / s 2 . The electromechanical coupling constant is � = 3 . 27 × 10 −3 N / V
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Fig. 9. Influence of load resistance on (a) dynamic response; (b) rectified voltage and (c) harvested power. The load resistances are R 1 = 100�, R 2 = 10k�

and R 3 = 1M�. 

Fig. 10. Numerically estimated influence of load resistance on (a) rectified voltage and (b) harvested power of a linear vibration energy harvester interfaced 

with standard rectifying electric circuit. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

and the other system parameters are chosen the same as those in Table 1 . The analytically predicted stable responses and

corresponding numerical simulation results are displayed in Fig. 9 . 

For a qualitative comparison, a linear harvester interfaced with the standard rectifying electric circuit is considered. The

governing equation of the mechanical oscillator is m ̈x + d ̇ x + k 1 x + �v p = mp cos ( υω n t ) and that of the circuit is the same as

Eqs. (2) and (3) . Adopting the same system parameters as listed in Table 1 , the dynamic response and harvested power are

numerically estimated under the excitation strength p = 2 . 5 and a set of excitation frequencies, and the results are shown

in Fig. 10 . 

For a linear system, with increment of the load resistance, the rectified voltage increases in the moderate range of the

load resistance and then becomes stable for relatively large load resistance; while the harvested power first increases to

the maximum and then gradually decreases. Moreover, the optimal load resistance corresponding to the maximal harvested

power is excitation frequency dependent and turns to be smaller for higher excitation frequency. On the other hand, the

effect of the load resistance on the bistable energy harvester is more complicated. From Fig. 9 (a), it is shown that greater

load resistance will compromise the beneficial bandwidth of snap-through vibration. For moderate load resistance such as

for R < R 2 = 10k�, greater load resistance slightly decreases the vibration amplitude on each vibration branch; while for

relatively large load resistance such as R 3 = 1M�, the vibration amplitude is significantly attenuated and the snap-through

vibration no longer occurs. Fig. 9 (b) reveals that higher rectified voltages are extracted by greater load resistance in both

snap-through and intrawell vibration regimes because more voltage will be distributed across the load resistance. It is noted

that the contact point of the rectified voltages induced from load resistances R 2 and R 3 at frequency υ = 1 . 34 in Fig. 9 (b)

means that the rectified voltage already reaches its maximum at this excitation frequency. Accordingly, it is concluded that

in the low frequency range, the maximal harvested power under fixed excitation frequency is obtained via the maximal
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Fig. 11. Load resistance dependence of the harvested power under the excitation level of p = 8 m / s 2 , and frequencies of (a) υ = 0 . 52 and (b) υ = 1 . 05 . 

Fig. 12. Harvested power with respect to the excitation frequency and load resistance, and the adopted coupling constants are (a) �1 = 3 . 27 × 10 −5 N / V ; 

(b) �2 = 3 . 27 × 10 −3 N / V ; and (c) �3 = 3 . 27 × 10 −2 N / V . The insert is the optimal load resistance under each excitation frequency, and the projected curve 

P( υ| R opt ) is the maximal harvested power with optimal load resistance adopted with respect to the excitation frequency. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

load resistance that could induce snap-through vibration; while in the high excitation frequency range that only activates

intrawell vibrations, the harvested power first increases up to its maximum and then gradually decreases with the increase

of load resistance, as shown in Fig. 9 (c). 

The optimal load resistance corresponding to the maximal harvested power under fixed excitation level depends on

the excitation frequency. Two illustrations are given with the excitation frequencies υ = 0 . 52 and υ = 1 . 05 , respectively. The

system performances are examined with successively varying load resistances with the other parameters the same as those

adopted in Fig. 9 , and are displayed in Figs. 11 (a) and (b), respectively. It is found that the coexistence of snap-through

and intrawell vibrations occurs in a range of moderate load resistances, beyond which only intrawell vibration occurs. Also,

Fig. 11 reveals that the load resistance governs the harvested power induced from snap-through and intrawell vibrations in

a linear fashion according to logarithmic changes of their values, which is similar to that in the linear energy harvester [61] .

In each vibration branch, there exists a local optimal load resistance, including R ∗snap , R 
∗1 
intra 

and R ∗2 
intra 

, which corresponds to

the local maximal harvested power. The optimal load resistance R ∗snap that induces the maximal harvested power turns to be

smaller for higher excitation frequency due to that the frequency range activating snap-through vibrations is reduced under

higher load resistance in Fig. 9 . 

Moreover, Fig. 12 shows the harvested power with respect to the excitation frequency and load resistance, in which the

insert is the optimal load resistance under each excitation frequency, and the projected curve is the maximal harvestable

energy under each excitation frequency with the optimal load resistance adopted. For fixed coupling constant, the maximal

harvestable power is achieved from snap-through vibration in moderate excitation frequency; while from intrawell vibra-

tion in high excitation frequency. With increment of the coupling constant, the maximal harvestable power P ( υ| R opt ) first

increases and then decreases. Additionally, the optimal load resistance is excitation frequency dependent. On a wide range

of excitation frequency, the optimal load resistance varies in a wide range when the coupling constant is low, while varies

in a lower, more narrow range for higher coupling constant. 
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Fig. 13. Influence of coupling constants on (a) dynamic response, (b) rectified voltage and (c) harvested power. The excitation level is p = 7 m / s 2 and the 

coupling constants are set to be �1 = 3 . 27 × 10 −5 N / V ; �2 = 3 . 27 × 10 −3 N / V and �3 = 3 . 27 × 10 −2 N / V . 

Fig. 14. Coupling constant dependence of the harvested power under the excitation level of p = 7 m / s 2 , and frequencies of (a) υ = 0 . 52 and (b) υ = 1 . 05 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.3. Effect of coupling constant 

To investigate the influence of the coupling constant on the system performance, three different-magnitude piezoelectric

coupling constants of �1 = 3 . 27 × 10 −5 N / V , �2 = 3 . 27 × 10 −3 N / V and �3 = 3 . 27 × 10 −2 N / V are adopted to examine the cor-

responding dynamic response, rectified voltage and harvested power under a wide range of excitation frequencies 0 < υ ≤ 3 .

The excitation level and load resistance are chosen as p = 7 m / s 2 and R = 56k�, respectively. Both analytically predicted

stable responses and their numerical counterparts are shown in Fig. 13 . Like the influence of load resistance in Fig. 9 (a),

greater coupling constant compromises the beneficial bandwidth of snap-through vibrations. The rectified voltage and har-

vested power are determined by both the mechanical vibration energy of the oscillator and the coupling constant. Higher

coupling constant results in a larger proportion of mechanical energy transferred to electrical power, while also reduces

the response amplitudes of each vibration branch which means less mechanical energy is captured by the oscillator. These

two effects counterbalance each other, such that in the range of moderate coupling constants, larger constant like �2 will

extract higher rectified voltage and electrical power than smaller constant like �1 ; while relatively large coupling constant

like �3 will result in much lower vibration amplitude, rectified voltage and harvested power, as shown in Fig. 13 (b) and (c).

To illustrate the influence of successively varying coupling constant on harvested power and determine the optimal cou-

pling constant under fixed excitation frequencies, two examples are examined when the system is excited at frequency

of � = 0 . 52 and � = 1 . 05 , respectively. The harvested power on successively varying coupling constants are derived and

shown in Fig. 14 . It reveals that the coexistence of snap-through and intrawell vibrations only occurs in a range of moderate

coupling constants, beyond which only intrawell vibration exists. Also, it reveals that the coupling constant governs the har-

vested power from both snap-through and intrawell vibrations in a log-linear fashion. Considering the two-edged effects of

the coupling constant on the harvester performance, it is predicted and shown in Fig. 14 that each vibration branch exists



C. Zhang, R.L. Harne and B. Li et al. / Commun Nonlinear Sci Numer Simulat 82 (2020) 105069 13 

Fig. 15. Role comparison of DC interface and AC interface on (a) dynamic response and (b) harvested power. The excitation levels are p = 1 m / s 2 and 

p = 8 m / s 2 , respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

an optimal coupling constant, �∗
snap , �

∗1 
intra 

and �∗2 
intra 

, which corresponds to the local maximal harvested power. Moreover,

in moderate excitation frequency range that may activate snap-through vibrations with proper coupling constant, the opti-

mal coupling constant �∗
snap which induces the highest electrical power turns to be smaller for higher excitation frequency

because the effective frequency range that activates snap-through vibrations is shorter for higher coupling constant. 

5.4. Comparison of AC and DC circuit influences on the harvester responses 

The different roles of the AC circuit interface and the nonlinear, standard rectifying electrical circuit interface in the

harvester systems are qualitatively and quantitively compared in this section. The AC circuit, implemented using a pure re-

sistive load in majority of existing studies, mainly exhibits damping effect due to that the resistive load totally dissipates

the converted electrical power. And this is also embodied in the analysis method [16] in which the piezovoltage is assessed

to be proportional to the velocity. While for the standard rectifying electrical circuit, the converted electrical power is par-

tially transferred back into mechanical energy during the blocked interval of the diode bridge, resulting in both equivalent

damping and stiffness effects to the harvester system. This could also be embodied from Eq. (10) in which the piezovoltage

mathematically contains both the damping term sin ωt(related with ˙ x ) and stiffness term cos ωt (related with x ). 

To quantitively compare the roles of these two electrical circuit interfaces, the one-term harmonic balance method [16] is

used to characterize the performance of AC circuit interfaced system. And for a fair and meaningful comparison with the

DC voltage and harvested power of the standard rectifying electrical circuit, the effective value of the AC voltage, ˜ v AC and

averaged harvested power, ˜ P AC across the load resistance in the AC circuit are adopted and expressed as 

˜ v AC = 

1 √ 

2 

· A �ω √ 

C 2 p ω 

2 + 1 / R 

2 
. (24)

˜ P AC = 

˜ v 2 AC 

R 

= 

A 

2 �2 ω 

2 R 

2 

(
C 2 p ω 

2 R 

2 + 1 

) . (25)

A comparison is conducted between bistable harvesters interfaced with the AC circuit and the standard rectifying elec-

trical circuit, adopting a mild coupling constant of � = 3 . 27 × 10 −5 N / V and load resistance of R = 56k�. The other system

parameters are the same as those in Table 1 . The system dynamic responses and harvested powers ( P in Eq. (21) for DC

power and 

˜ P AC in Eq. (25) for AC power) under harmonic excitation levels of p = 1 m / s 2 and p = 8 m / s 2 are shown in Fig. 15 .

Fig. 15 (a) reveals that the vibration amplitudes of these two systems are almost the same, thus the same amount of vibra-

tion energy is provided for these two circuits. In Fig. 15 (b), both analytical and numerical results show that the harvested

power in the standard rectifying electrical circuit is close to but less than the averaged power in the AC circuit in the whole

excitation frequency range, which is resulted from the phenomenon that some converted electrical power in the standard

rectifying electrical circuit is transferred back to mechanical energy while all the converted electrical power flowing into the

AC circuit is consumed by the resistive load. 

Further comparisons between these two circuit interfaces are conducted for a wide range of piezoelectric coupling con-

stants. In the analysis, a moderate load resistance is adopted, R = 56k�. The steady state dynamic responses and harvested

power under the excitation level of p = 8 m / s 2 and frequency of υ = 0 . 55 are estimated analytically and numerically, as

shown in Fig. 16 . It reveals that snap-through vibrations can be activated with moderate coupling constants (below the

optimal coupling constant �∗
snap ) for these two circuit interfaced systems while the range of the standard rectifying elec-

trical circuit is a little wider than that of AC circuits. To explicitly illustrate the different effects of the AC and DC circuits,
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Fig. 16. Comparison of standard rectifying electrical and AC circuits interfaced systems with respect to coupling constants on (a) Response amplitude and 

(b) harvested power. The time-varying waveforms under the condition that marked using symbols are displayed in Figs. (17 ) and ( 18 ). 

Fig. 17. Time-varying waveforms comparison of the dynamic responses and voltage generated by harvester interfaced with AC and DC circuits under 

moderate coupling constant. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

the waveforms of the dynamic responses and induced voltages under two specific coupling constants that are marked with

symbols in Fig. 16 are numerically simulated and displayed in Figs. (17 ) and ( 18 ), respectively. Thus, for moderate coupling

constants which are less than �∗2 
intra 

in Fig. 16 , the vibration amplitudes from these two circuit interfaced systems are almost

the same, and thus the AC circuit extracts more electrical power in this range. However, for relatively high coupling con-

stants such as those higher than �∗2 
intra 

in Fig. 16 where vibration amplitude is more significantly affected, both analytical

and numerical results show that the dynamic response amplitudes of the standard rectifying electrical circuit are clearly

higher than those of the AC circuit, and accordingly the standard rectifying electrical circuit harvests more electrical power

than the AC circuit. 

In addition, the performance of these two electrical circuits are compared for a wide range of load resistances. The

piezoelectric coupling constant of � = 3 . 27 × 10 −3 N / V is adopted while other system parameters are the same as those

in Table 1 . The steady state dynamic responses and harvested power of these two circuit-interfaced systems under the

excitation level of p = 8 m / s 2 and frequency of υ = 0 . 55 are plotted in Fig. 19 , respectively. It shows that under this excitation

condition these two systems can activate snap-through vibrations in the range of moderate load resistances (less than R ∗snap )

while the range for the standard rectifying electrical circuit is a little wider than that for the AC circuit. Also, for moderate

load resistances less than R ∗2 
intra 

in Fig. 19 , the vibration amplitudes of these two systems are almost the same, and thus

the AC circuit extracts higher electrical power. However, for relatively high load resistances (higher than R ∗2 
intra 

in Fig. 19 )

where the dynamic responses are significantly reduced by the circuits, both analytical and numerical results show that the

vibration amplitudes from the standard rectifying electrical circuit system are higher than those from the AC circuit system,

and the standard rectifying electrical circuit accordingly extracts more electric power than the AC circuit. 
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Fig. 18. Time-varying waveforms comparison of the dynamic responses and voltage generated by harvester interfaced with AC and DC circuits under 

relatively large coupling constant. 

Fig. 19. Performance comparison of standard rectifying electrical and AC circuits interfaced systems with respect to increasing load resistances. (a) Dynamic 

response amplitude and (b) harvested power. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

6. Experiment investigation 

To validate the analytically and numerically characterized performances of bistable harvesters interfaced with the stan-

dard rectifying electrical circuit, a series of experiments are conducted using the system described in Section 4 . The base

excitation is harmonic, of which the acceleration amplitude and frequency are accurately controlled using National Instru-

ments outputs channel through a LABVIEW software interface. The frequency dependence of harvested power is tested under

three different excitation levels [56] , with the evaluated effective acceleration amplitudes 3.14 m/s 2 , 3.81 m/s 2 and 4.34 m/s 2 .

Under each excitation level, three individual frequency sweeping tests are conducted (frequency increasing once, decreasing

twice with the initial state in each intra well, respectively), such that the multiple vibrations of bistable oscillator are cap-

tured. The sweeping frequency is in the range of f = ω/ 2 π = [ 3 , 30 Hz ] with the variation interval of 1 Hz. The base motion

for each excitation level and frequency is set to last for 120 s before changing the excitation frequency, ensuring that the

charging system reaches steady state. After the data are recorded, the rectified voltage v r under each excitation frequency

is calculated as the sum of the mean value of the voltage across the load resistance during the last ten base motion cycles

and the voltage drop across the diodes. The harvested power is further calculated by P = v 2 r /R . The rectified voltages and

harvested powers are shown in Fig. 20 in which the horizontal axis represents the base excitation frequency and the vertical

axis data indicates the mean measurement at each given excitation frequency. The left column shows the rectified voltage

induced by both snap-through and intrawell oscillations, and the right column displays the corresponding harvested power.

As base excitation level increases, top to bottom in Fig. 20 , the frequency range of the snap-through oscillation gradually

increases, and the rectified voltage and harvested power also increase due to the increase of input energy. 

Comparing the analytical predictions with experimental measurements, it reveals that they are overall in good agree-

ment in both snap-through and intrawell vibration regimes. While local deviations between analytical and experimen-

tal results are observed in the intrawell branch near the excitation frequency of 12 Hz under three excitation levels. The
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Fig. 20. Experimentally measured bistable harvester responses when connected to a standard rectifying electrical circuit. Left column (1), rectified voltage 

across the load resistance at different excitation frequencies. Right column (2), harvested power at different excitation frequencies. Effective base accelera- 

tion amplitude of (a) p = 3 . 14 m / s 2 , (b) p = 3 . 81 m / s 2 and (c) p = 4 . 34 m / s 2 . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

experimentally measured trajectories of the motions as labeled by A1, A2, and A3 in Fig. 20 (c) are displayed in Fig. 21 ,

in which the dashed curves are the analytical results. For the motions in Fig. 21 (a) and (c) in which the fundamen-

tal frequency is the primary component in the frequency spectrum, the analytical prediction basically coincides with the

experiment measurement. Considering the natural frequency of the linearized intrawell vibration could be estimated as√ 

2 k 1 /m / 2 π = 24 . 74 Hz , it is experimentally found from Fig. 21 (b) that super harmonic resonance occurs in the vibration

near 12 Hz and thus the super harmonic components become significant in this case. Despite this trade-off in predictive

ability, the analytical estimations of harvested power are still close to the actual values under most excitation frequencies

that are suitable for engineering applications. 

To validate the influence of load resistance on the energy harvesting performance, experiments are further conducted

using the same bistable energy harvesting system with varying load resistance. The base excitation level and frequency are

fixed at 3.32 m/s 2 and 10 Hz, respectively. A series of load resistances from 1k� up to 10M�are individually connected in

the standard rectifying electrical circuit. Fig. 20 reveals that the adopted excitation level and frequency are able to acti-

vate both snap-through and intrawell oscillations. For each connected load resistance, three different vibration responses

of the bistable beam, i.e., snap-through and intrawell vibration in each well, are activated and each vibration lasts till the

measured rectified voltage no longer varies. Considering only the input voltage within the range of [ −10 V, 10 V] can be
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Fig. 21. Experimentally measured (a) relative velocity of the beam with respect to the base; (b) frequency spectrum of relative velocity; and (c) rectified 

voltage. The up-to-low rows correspond to the motions as indicated by the labels A1, A2, and A3 in Fig. 20 (c). 

Fig. 22. Load resistance dependence of (a) rectified voltage and (b) average harvested power for excitation level and frequency of p = 3 . 32 m / s 2 and 

ω = 10 Hz , respectively. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

recognized by the NI data acquisition system, higher rectified voltage overreaching the boundary is measured using a mul-

timeter. The red circles in Fig. 22 show the measured rectified voltages and corresponding harvested powers under different

load resistances. It reveals that the energy harvesting performance is load resistance dependent. The rectified voltage in-

duced from snap-through oscillation increases rapidly with the increase of load resistance before reaching 3 . 3M�, and it

then reaches its maximum and remains near constant when the load resistance exceeds 3 . 3M�. Accordingly, the harvested

power first increases and then drops down for relatively high load resistances and the optimal load resistance corresponding

to the highest power occurs at 2M�. The analytical predictions are also displayed in Fig. 22 . It reveals that the analytical

predictions and experimental measurements are in good agreement. Moreover, the analytical prediction of the optimal load

resistance is accurately validated via the experiment measurements. 

7. Conclusion 

To predict the electrical energy storage performance and reveal the DC circuit effects of harmonically excited bistable

energy harvester interfaced with a standard rectifying electrical circuit, an analytical method is proposed in this research.

During the route of the analysis method, a key, prior processing that reveals the relation of the piecewise piezovoltage

and smooth dynamic responses based on the energy equivalence is utilized which enables the followed harmonic balance

analysis. Via predicting the system performance under different excitations and system parameters, and accompany with

numerical simulation validations, it shows that the approach provides an effective tool to identify the influence of harmonic
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excitation and system design parameters on the dynamic responses and the harvested power. Parameter studies reveal that

higher coupling constant or load resistance will compromise the beneficial bandwidth of snap-through vibration. In the

range of moderate coupling constants and load resistances, higher rectified voltage and harvested power are achieved via

larger coupling constant or load resistance. While in the range of relatively large coupling constants and load resistances,

larger coupling constant or load resistance will lead to less harvested power. Also, the optimal load resistance and coupling

constant are excitation frequency dependent. Under a wide range of excitation frequencies, the optimal load resistance varies

in a wide range when the coupling constant is low, while varies in a lower, very narrow range when the coupling constant

is large. Comparisons of the roles of the AC circuit and standard rectifying circuit are also conducted. It is concluded that

the AC circuit exhibits equivalent damping effect while the standard rectifying electrical circuit exhibits both equivalent

damping and stiffness effects to the harvester system. These different effects explain the phenomena that for moderate

coupling constant and load resistance, more electric power is extracted via the AC circuit; while for relatively high coupling

constant or load resistance, the standard rectifying electrical circuit will possess larger vibration amplitude and thus more

electric power than the AC circuit. In this study, it is illustrated that while only considering the fundamental harmonic

component of the nonlinear dynamic response, the proposed analytical method provides good predictions as compared to

the numerical and experiential results. On the other hand, to obtain even higher accuracy, the higher harmonic components

should be considered in future investigations. Potentially, the proposed analysis frame in this paper could also be applied

for analyzing the steady state dynamic responses and harvested power of bistable energy harvesters interfaced with more

complex nonlinear energy harvesting interfaces such as aforementioned PSSHI and SECE circuits. 
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