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a b s t r a c t

Vibration energy harvesting provides prominent potential on leveraging the converted
energy to realize self-powered electronics. To satisfy the demand of electronics and
rechargeable batteries for DC voltages in practical applications, the high-performing,
nonlinear bistable energy harvesters are considered to be interfaced with standard recti-
fying electrical circuits to extract DC power from environment-like, random base accel-
erations. To lead to an effective and efficient set of design guidelines for system
development, this research proposes a theoretical method to characterize the stationary
stochastic dynamic responses and the energy harvesting performance under white noise
accelerations. Considering that the bistable harvesters possess multiple vibration regimes
which induce drastically different energy harvesting performances, a novel state-
probability estimation approach is presented based on the theoretically predicted proba-
bility density function (PDF) of system energy to statistically classify the stationary
probability of the stochastic vibrations being in the snap-through or intrawell states. Via
investigating the effects of the base acceleration strength and system parameters on the
dynamic responses and harvested DC power, it is revealed that high energy harvesting
performance would be achieved via low system damping and suitable system parameters,
such as moderate coupling constant and load resistance. The theoretical predictions are
compared with numerical simulations and experimental results to validate the effective-
ness of the proposed theoretical method.

© 2018 Elsevier Ltd. All rights reserved.
1. Introduction

Energy harvesting from environmental vibrations and human-induced motions has flourished as a prominent research
area for running low-powered electronics and wireless sensor networks [1,2]. Nonlinear piezoelectric harvesters [3e6]
especially bistable Duffing structures [7,8] possessing a double-well potential have drawn much attention due to the high-
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orbit well-escaping motion which is advantageous in both average harvested electric power and effective frequency band-
width [9e11].

In order to improve the efficiency of piezoelectric energy harvesters and optimize the systemparameters, it is important to
quantify the harvestable electric power under vibration environments. To date, the system performances of bistable energy
harvesters have been thoroughly studied using analytical [12,13], numerical [14,15], and experimental [16] techniques under
various environmental excitations including harmonic [12,13,17], impulsive [18,19], and combined load [20] base accelera-
tions. Collectively, these investigations demonstrated that snap-through oscillating from one stable equilibrium to another
may be activated in a wide frequency bandwidth regardless of the input excitation forms, making bistable harvesters
potentially more beneficial than alternative harvester platforms in various excitation environments.

Random noise is also a common environmental excitation since inmany practical situations the ambient vibrations exhibit
stochastic characteristics [21]. Stochastically excited bistable harvesters [22] have been extensively studied using awide range
of methods. For instance, Monte Carlo simulations [23e25], Finite Element analysis [21,26], and experimentally based ap-
proaches [27e29] have been employed to gain insight. Also, a theoretical technique based on the Fokker-Planck (FPK)
equation directly derived from the nonlinear, second-order system governing equation is developed to analytically investi-
gate the response probability density function, mean harvested powers, and effects of configuration, excitation intensity, and
frequency bandwidth on the harvested electric power [30e32]. It is demonstrated that enhanced performance can be ach-
ieved by bistable harvesters instead of linear or monostable harvesters when appropriate potential energy function is
designed to activate oscillations between the stable equilibria, and the optimal potential is related to the noise intensity under
white noise excitations [27,33], while it is determined by the noise intensity and bandwidth under colored noise excitations
[32,34]. These fruitful investigations exhibited the promising potential of bistable harvesters in engineering applications. On
the other hand, in these studies the harvesting circuit connected with the piezoelectric element are simplified to be a resistive
load (termed AC circuit for simplicity) [2,9,10], while most electronics and batteries in real applications require DC voltage.
Thus, the electric circuit that interfaces the piezoelectric patch and terminal electronics must possess the capability to rectify
the AC power to DC form, which is a highly nonlinear process.

In fact, several nonlinear electrical circuits have been investigated to obtain the DC power or enhance the energy con-
version capability [35], including the standard rectifying circuit [36], synchronized switch harvesting on inductor (SSHI) [37]
and the synchronous electric charge extraction (SECE) circuits [38]. Yet, such electric circuits are typically estimated when
connected to a linear energy harvester, and their optimization strategiesmay no longer be ideal for nonlinear oscillationswith
multiple frequencies. To date, few attempts have been conducted to nonlinear, bistable harvesters interfaced with rectifying
electrical circuits, among which the focus is primarily on harmonic-excitation situations [20,39e41]. There also remains a
critical need for investigating the system when driven by environment-like, random base-acceleration excitations.

The goal of this research is to characterize the performance of randomly-excited bistable harvesters interfaced with the
standard rectifying electrical circuit inwhich a full-wave diode bridge rectifier is adopted to convert the AC voltage to DC. Due
to its advantages of passive operation manner, independency of external control and input energy, the standard rectifying
electric circuit continues to draw much attention. For this kind of interfaced circuit, the diode-bridge alternatively conducts
and blocks the current flowing into the rectifier capacitor according to the relative magnitude of the voltage across the
piezoelectric patch and the rectified voltage across the load resistance, resulting to non-smooth, piecewise piezovoltage.
Accordingly, the existing analytical method for investigating AC circuit interfaced bistable harvesters via solving the FPK
equation of vibration variables [30e32] fails to directly analyze the standard rectifying electrical circuits interfaced bistable
systems studied here. A theoretical method based on stochastic averaging method is proposed in this paper to provide a
rigorous and systematic framework for predicting the joint and marginal probability density functions (PDFs) of vibration
variables, and expectations of the rectified DC voltage and power. Through the validations of numerical simulation and ex-
periments, the investigation also illustrates the effects of noise acceleration strength and system parameters on the system
dynamics and energy harvesting performance.

The rest of this paper is organized as follows. The white noise excited bistable harvester interfaced with the standard
rectifying circuit is modeled in Section 2. Themathematical formulas and procedures proposed to theoretically investigate the
stationary performance under white noise acceleration are explained in Section 3. Section 4 illustrates the experimental
system and corresponding system parameters which are used throughout in numerical and experimental efforts. In Section 5,
both case examples and parameter studies are conducted to test the system performance in stationary state using the pro-
posed theoretical method and numerical validations. Finally, the performance of the interfaced systemwith respect to noise
acceleration strength is validated via experiments in Section 6.
2. System modeling

Most bistable energy harvesters in existing studies are implemented using buckled beam bridge [42], cantilevered
ferromagnetic beamwith repulsive [32] or attractive magnets [9], or bistable plates [10]. Despite thewide range of underlying
principles to design these oscillators, it is well established that the lowest order dynamic behaviors can be described using the
bistable Duffing equation [9]. In this study, a base-excited bistable oscillator having piezoelectric conversion mechanism is
considered, in which the latter is further interfaced with a standard rectifying electrical circuit to convert the extracted AC
voltage into DC form. Throughout this manuscript, the base acceleration excitation to which the bistable harvester is



Fig. 1. Dynamic model of randomly-excited bistable harvester interfaced with a standard rectifying circuit.
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subjected is assumed to be zero-mean Gaussian white noise. The system model is displayed in Fig. 1. The corresponding
governing equations are expressed as

mx00 þ dx0 � k1xþ k3x
3 þ Gvp ¼ m

ffiffiffiffiffiffi
D0

p
zðtÞ (1a)

Gx0 � Cpv0p ¼ i (1b)

i ¼
8<
:

Crv0r þ vr=R; if vp ¼ vr
�Crv0r � vr=R; if vp ¼ �vr
0; if

��vp��< vr

(1c)

〈zðt0Þ; zðt1Þ〉 ¼ dðt1 � t0Þ; E½zðtÞ� ¼ 0 (1d)

in which, x denotes the relative displacement of mass m with respect to the base whose motion z is described using its ac-
celeration as z00 ¼ � ffiffiffiffiffiffi

D0
p

zðtÞ where the prime means the derivative with the time t;
ffiffiffiffiffiffi
D0

p
is the standard deviation of the

Gaussianwhite noise, and reveals the strength of random accelerations; d, k1 and k3 represent the viscous damping constant,
the linear, and nonlinear stiffness coefficients, respectively; G is the electromechanical coupling constant; the piezoelectric
patch attached on the oscillator is equivalent to be current source of Gx0 in parallel with the capacitance Cp across which the

transformed voltage is vp; i denotes the current flow through the diode bridgewhich rectifies the piezovoltage vp into DC form
across the filter capacitance Cr in parallel with the load resistance R; 〈zðt0Þ; zðt1Þ〉 is the inner product of zðt0Þ and zðt1Þ; E½z� is
the expectation of z; and dðtÞ is the Dirac delta function. In industry applications, relatively large Cr is generally adopted such
that to provide near-constant rectified voltage vr for electronics and rechargeable batteries. The structure may exhibit high-
orbit snap-through vibrations around three equilibrium points including two stable equilibria x* ¼ ±

ffiffiffiffiffiffiffiffiffiffiffiffiffi
k1=k3

p
m and one

unstable equilibrium x* ¼ 0, or low-orbit intrawell vibrations that oscillate around one of the stable equilibria. Although the
harvester oscillates between snap-through and intrawell regimes at random when under white noise excitations, the sta-
tistics are stationary and could be estimated to describe the transient dynamics properties.

In the analysis hereafter, a new time scale is adopted as t ¼ unt, in which un ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
k1=m

p
represents the linear natural

frequency of the mechanical oscillator. Introduce the following new non-dimensional parameters:

x0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
k1=k3

q
; x ¼ x=x0; g ¼ d=mun; b ¼ k3x

2
0

.
k1≡1; Q ¼ G2

.
mu2

nCp; vp ¼ Cpvp
�
Gx0 (2a)

vr ¼ Cpvr
�
Gx0; l ¼ 1

�
RCpun; h ¼ Cr

�
Cp; i ¼ i

.
Gunx0;

ffiffiffiffiffiffiffi
2D

p
¼

ffiffiffiffiffiffi
D0

p .
u2
nx0 (2b)

The non-dimensional governing equations are thus derived to be:

€xþ g _x� xþ bx3 þQvp ¼
ffiffiffiffiffiffiffi
2D

p
$zðtÞ (3a)
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_x� _vp ¼ i (3b)

i ¼
8<
:

h _vr þ lvr; if vp ¼ vr
�h _vr � lvr; if vp ¼ �vr
0; if

��vp��< vr

(3c)

〈zðt0Þ; zðt1Þ〉 ¼ dðt0 � t1Þ; E½zðtÞ� ¼ 0 (3d)

in which the over-dot operator means the derivative of the variables with the time t. Considering zðtÞ is resampled series of
the uniformwhite noise zðtÞwith the linear scale of t ¼unt, the standard deviation of zðtÞwill be the samewith that of zðtÞ. It
is noted that the stable and unstable equilibria of the equivalent non-dimensional system are respectively x* ¼ ±

ffiffiffiffiffiffiffiffi
1=b

p
¼ ±1,

and x* ¼ 0.

3. Dynamics quantification using stochastic averaging method of energy envelope

The converted piezovoltage exhibits piecewise property due to the alternative block and conduct of the diode bridge in the
standard rectifying electrical circuits. Thus, the existing analytical method for investigating AC circuit interfaced bistable
harvesters via solving the FPK equation of vibration variables, as well as the standard stochastic averaging method, fails to
directly analyze the standard rectifying electrical circuits interfaced bistable systems studied here. To investigate the system
performance governed by Eq. (3), an improved theoretical method is proposed in this work. Considering most vibration
energy harvesters are designed to be underdamped with a small damping coefficient g, and the excitation acceleration in-
tensity

ffiffiffiffiffiffiffi
2D

p
in the non-dimensional equations is small due to the large scaling factoru2

nx0 in Eq. (2b), thus Eq. (3) represents a
quasi-conservative system, i.e., the difference between the input energy due to external acceleration excitation and the
energy dissipated by damping is relatively smaller than the total energy, and thus permits the theoretical investigation via
stochastic averaging approach [43]. In the stochastic averaging analysis, the total energy is also termed as energy envelope of
the system which consists of kinetic and potential energies of the harvester [44].

According to the generalized harmonic transformation technique [45], the non-dimensional, equivalent displacement and
velocity can be expressed as:

x ¼ AðHÞ$cosðuðHÞtÞ þ cðHÞ (4a)

_x ¼ �AðHÞuðHÞ$sinðuðHÞtÞ (4b)
where H≡HðtÞ is the total energy, and is regarded as slow-varying for stationary responses in comparison with the rapidly-
varying displacement and velocity; AðHÞ and uðHÞ represent the energy-dependent vibration amplitude and frequency,

respectively; c≡cðHÞ denotes the displacement offset of the bistable oscillator, and thus satisfies c ¼ 0 for large-orbit snap-
through oscillations. From Eq. (4), the displacement and velocity could be approximated as a periodic oscillation with a
pseudo period T ¼ 2p=uðHÞ.

3.1. Transduced piezovoltage coupling relation to the dynamic responses

To meet the requirement of DC voltage for most electronics, a relatively large filter capacitance Cr is applied such that the
rectified voltage vr could be assumed near-constant. The diode bridge in the standard rectifying electrical circuit alternatively
conducts and blocks; i.e., the bridge conducts and is0 when the absolute value of the piezovoltage reaches the rectified
voltage

��vp�� ¼ vr , while it blocks during the periodwhen
��vp��< vr , resulting in piecewise piezovoltage vp. Assuming the diode is

ideal, such that there is no voltage-drop when the current flows through, vp could be mathematically derived from Eqs. (3b)
and (3c), and the displacement and velocity in Eq (4).

vp ¼

8>><
>>:

Aðcos ut � 1Þ þ vr; ut2½0; qÞ
�vr ; ut2½q;pÞ
Aðcos ut þ 1Þ � vr; ut2½p;pþ qÞ
vr; ut2½pþ q;2p�

(5)

where q is the rectifier blocked angle in half an equivalent oscillation cycle, and satisfies
Aðcos q� 1Þ þ vr ¼ �vr (6)
Considering that the total charge flows into the electrical circuit equals that consumed by the resistive load during half the
equivalent motion cycle in stationary, as well as the rectified voltage is nearly constant, the integration of Eq. (3b) on the
interval of 0 � ut � p equals that of Eq. (3c).
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Z p

0

�
_x� _vp

�
dut ¼ �2Aþ 2vr ¼

Z p

0
ð � h _vr � lvrÞdutz� lvrp=u (7)
From Eqs. (6) and (7), vr and q can be solved and expressed as:

vr ¼ 2A
2þ lp=u

(8)

4

cos q ¼ 1�

2þ lp=u
(9)
Adopting the strategy in previous research of harmonically-excited case [46], the piecewise piezovoltage is further rep-
resented using its smooth, fundamental harmonic component.

vp;f ¼
A
2p

ð2q� sin 2 qÞcos ut � A
p
sin2 q sin ut ¼ 1

2p
ð2q� sin 2 qÞ$ðx� cÞ þ sin2 q

pu
_x (10)
Submitting Eq. (10) into (3a), the equivalent dynamic equation is derived to be

€xþ ðgþ JHÞ _xþ ðNH � 1Þxþ bx3 � NH$c ¼
ffiffiffiffiffiffiffi
2D

p
$zðtÞ (11a)

Q 2 Q

JH ¼

pu
sin q; NH ¼

2p
,ð2q� sin 2 qÞ (11b)
Here, both JH and NH are functions of the total energy. The advantage of this strategy is approximating the piecewise
dynamics with a smooth, equivalent dynamic system from the power point of view.

3.2. Relation estimation of vibration variables to the total energy

Similar with the total energy, the equivalent vibration amplitude and frequency are also slow-varying, and are thus
regarded as constant while the displacement x varies through a pseudo period. Moreover, the equivalent vibration amplitude
and frequency are system energy dependent, and their relations are investigated in this section.

3.2.1. Equivalent vibration amplitude
Recalling Eq. (11), the potential energy of the bistable harvester is calculated as:

Vpðx;HÞ ¼ NH � 1
2

x2 þ b

4
x4 þ D ¼ b

4

�
x2 � 1� NH

b

�2
� ð1� NHÞ2

4b
þ D (12)

where D ¼ ð1� NHÞ2=4b, such that the minimum point of the potential energy is set at 0. The barrier height is thus Vpð0;HÞ ¼

ð1� NHÞ2=4b. Accordingly, the total energy is obtained when the kinetic and potential energies are taken into account:

H ¼ 1
2
_x2 þ Vpðx;HÞ ¼ 1

2
_x2 þ b

4

�
x2 � 1� NH

b

�2
(13)
The bistable harvester possesses two different kinds of oscillations: large-orbit snap-through vibration spanning between
two potential wells, and low-orbit intrawell vibration limited in only one potential well. Thus, for this quasi-conservative

system, the harvester performs intrawell oscillations when the system energy meets 0<H � ð1� NHÞ2=4b; while un-

dergoes snap-through vibrations when the system energy overreaches the barrier height H � ð1� NHÞ2=4b. The energy

separatrix H ¼ ð1� NHÞ2=4b corresponds to the homoclinic orbit on which the vibration period trends to be infinite.
Considering the total energy equals the potential energy at the extremal points of the displacementwhere the velocity is 0,

one obtains

H ¼ Vp
�
xc;d;H

� ¼ NH � 1
2

x2c;d þ
b

4
x4c;d þ

ð1� NHÞ2
4b

(14)

where the subscript c and d indicates the dynamic behaviors of the displacement in the snap-through and intrawell regimes,

respectively. For intrawell vibrations, considering that the four roots of Eq. (14) are distributed symmetrically on both sides of
the unstable equilibrium x* ¼ 0, only the displacement range on the positive axis is considered here. The minimum xd1 and
maximum xd2 of the displacement for intrawell vibration can thus be obtained
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xd1 ¼
	
ð1� NHÞ=b�

ffiffiffiffiffiffiffiffiffiffiffiffi
4H=b

q 
1=2
(15a)

	 ffiffiffiffiffiffiffiffiffiffiffiffiq 
1=2

xd2 ¼ ð1� NHÞ=bþ 4H=b (15b)
The equivalent vibration amplitude of intrawell oscillations can thus be estimated to be:

AdðHÞ ¼ ðxd2 � xd1Þ=2 ¼
�	

ð1� NHÞ=bþ
ffiffiffiffiffiffiffiffiffiffiffiffi
4H=b

q 
1=2
�
	
ð1� NHÞ=b�

ffiffiffiffiffiffiffiffiffiffiffiffi
4H=b

q 
1=2�

2 (16)
On the other hand, for snap-through oscillations span between the two potential wells, Eq. (14) possesses two real roots,
indicating the boundaries of the displacement.

xc1 ¼ �
	
ð1� NHÞ=bþ

ffiffiffiffiffiffiffiffiffiffiffiffi
4H=b

q 
1=2
(17a)

	 ffiffiffiffiffiffiffiffiffiffiffiffiq 
1=2

xc2 ¼ ð1� NHÞ=bþ 4H=b (17b)

where xc1 and xc2 indicate the minimal and maximal points of the displacement, respectively. And the vibration amplitude of

snap-through oscillations can thus be obtained.

AcðHÞ ¼ ðxc2 � xc1Þ=2 ¼
	
ð1� NHÞ=bþ

ffiffiffiffiffiffiffiffiffiffiffiffi
4H=b

q 
1=2
(18)
3.2.2. Equivalent vibration frequency
From Eq. (13), the velocity under given system energy is derived to be

_x≡dx=dt ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2
�
H � Vpðx;HÞ

�q
(19)
Considering the harvester oscillates in the range of ½xd1; xd2� for intrawell vibrations and ½xc1; xc2� for snap-through vi-
brations, the pseudo period of the vibration TðHÞ can be estimated using

TdðcÞðHÞ ¼ 2
Z xd2ðc2Þ

xd1ðc1Þ
1

 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
�
H � Vpðx;HÞ

�q
dt (20)
Combining Eqs. (13) and (14), the kinetic energy of the harvester, H� Vp, is further derived and expressed as:

H � Vp ¼ Vp
�
xc;d;H

�� Vpðx;HÞ ¼ b

4

�
x2d2ðc2Þ � x2

��
x2 � x2d1ðc1Þ

�
(21)
Submitting Eq. (21) into (20), the pseudo vibration period for intrawell vibrations can be derived and simplified.

TdðHÞ ¼ 2
Z xd2

xd1

ffiffiffi
2

p
ffiffiffi
b

p $
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

x2d2 � x2
��

x2 � x2d1

�r dx ¼ 2
ffiffiffi
2

p
ffiffiffi
b

p $gd$KðwdÞ (22)

where Kð,Þ is the complete elliptic integral of the first kind [47]; gd and wd can be expressed as:
gd ¼
ffiffiffi
b

p 
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� NH þ

ffiffiffiffiffiffiffiffiffi
4Hb

pq
;wd ¼ 2

	 ffiffiffiffiffiffiffi
Hb

p 
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� NH þ

ffiffiffiffiffiffiffiffiffi
4Hb

pq 
1=2
(23)
On the other hand, for the snap-through vibration regime, the pseudo period is obtained from Eq. (20).
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TcðHÞ ¼ 4
Z xc2

0

ffiffiffi
2

p
ffiffiffi
b

p $
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

x2c2 � x2
��
x2 � x2c1

�q $dx ¼ 4ffiffiffi
b

p $gc$KðwcÞ (24)

where the parameters gc and wc can be expressed as:
gc ¼ ð4H=bÞ�1=4
; wc ¼

h�
1� NH þ 2

ffiffiffiffiffiffiffi
Hb

p �. ffiffiffiffiffiffiffi
Hb

p i1=2.
2 (25)
Noting that the pseudo vibration period also meets TdðcÞðHÞ ¼ 2p=udðcÞðHÞ, for vibrations in the intrawell regime, the
vibration frequency udðHÞ satisfies

2
ffiffiffi
2

p . ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� NH þ 2

ffiffiffiffiffiffiffi
Hb

pq
$K

h
2ð

ffiffiffiffiffiffiffi
Hb

p
=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� NH þ 2

ffiffiffiffiffiffiffi
Hb

pq
Þ1=2

i
¼ 2p=ud (26)
While for vibrations in the snap-through regime, the vibration frequency ucðHÞ satisfies

4
. ffiffiffi

b
p

$ð4H=bÞ�1=4$K
h
ð1� NH þ 2

ffiffiffiffiffiffiffi
Hb

p
=

ffiffiffiffiffiffiffi
Hb

p
Þ1=2

.
2
i
¼ 2p=uc (27)
Thus, the equivalent vibration frequencies of the intrawell and snap-through vibrations can be solved via solving the roots
of Eqs. (26) and (27), respectively. For given total energyH, recallingNH is the function of uðHÞ based on Eqs. (9) and (11b), Eqs.
(26) and (27) are thus equations with one unknown variable of uðHÞ. The Eqs. (26) and (27) may therefore be solved via root
finding algorithms such as the fsolve command in the MATLAB software used for this research.

3.3. Stochastic averaging method of energy envelope

Introducing X1 ¼ x and X2 ¼ _x, the Itô stochastic differential equations associated with the equivalent nonlinear system in
Eq. (11) can be directly derived.

dX1 ¼ X2dt (28a)

dX ¼
h
� ðgþ J ÞX � ðN � 1ÞX � bX3 þ N $c

i
dt þ

ffiffiffiffiffiffiffi
2D

p
$dBðtÞ (28b)
2 H 2 H 1 1 H

in which, BðtÞ is a unit Weiner process. Considering the variable relations of _X1 ¼ X2 and H ¼ X2
2=2þ VpðX1;HÞ, the above Itô
equations for system displacement and velocity can thus be transformed into the following Itô equations with respect to the
total energy [48].

dX1 ¼ ±
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2H � 2Vp

q
dt (29a)

(	
vH vH


	
X



v2H

) ffiffiffiffiffiffiffip vH

dH ¼

vX1 vX2

2
�ðgþ JHÞX2 � ðNH � 1ÞX1 � bX3

1 þ NH$c
þ D$

vX2
2

dt þ 2D$
vX2

$dBðtÞ (29b)
In Eq. (29), the partial derivatives of system energy H to the displacement X1 and velocity X2 can be calculated using the
following formula:

vH
vX1

¼ vVpðX1;HÞ
vH

$
vH
vX1

þ vVpðX1;HÞ
vX1

0
vH
vX1

¼ vVpðX1;HÞ
�
vX1

1� vVpðX1;HÞ
�
vH

(30a)

vH vVpðX1;HÞ vH vH X2
vX2
¼ X2 þ vH

$
vX2

0
vX2

¼
1� vVpðX1;HÞ

�
vH

(30b)

2 X2$v2V ðX ;HÞ
.
vH2
v H

vX2
2

¼ 1
1� vVpðX1;HÞ

�
vH

þ 2 p 1�
1� vVpðX1;HÞ

�
vH

�3 (30c)
It is seen that the right side of Eq. (29) are functions of the displacement and system energy. For the quasi-conservative
systemwith underlying relatively small damping constant and external excitation acceleration density, the energy-envelope
process H, is slow-varying compared with the rapidly-varying displacement, and could be regarded as near-constant through
a pseudo period. Based on the Khasminskii theory, theH process convergesweakly to a one-dimensionalMarkov process [49].
The Itô equation for this Markov process is further obtained via applying time averaging operation to Eq. (29b). With the
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assistance of Eq. (29a), the time averaging operation can be transferred to averaging with respect to the displacement X1,
under the assumption that the total energy keeps near constant during a pseudo vibration period of the displacement. The
resulting Itô equation is given by

dH ¼ UðHÞdt þ sðHÞdBðtÞ (31)

where the drift coefficient UðHÞ and diffusion coefficient sðHÞ are piecewise functions consisting of separated expressions for

the intrawell and snap-through regimes. The subscript d denotes the intrawell vibration regime in the range of

0<H � ð1� NHÞ2=4b, while c corresponds to the snap-through regime in the range of H � ð1� NHÞ2=4b.
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T ðHÞ ¼ 2p
.
u ðHÞ (32c)
dðcÞ dðcÞ
The Fokker-Planck equation corresponding to the Itô equation (31) is

vpðHÞ
vt

¼ �v½UðHÞpðHÞ�
vH

þ 1
2
$
v2
�
s2ðHÞpðHÞ�
vH2 (33)

where pðHÞ is the probability density function of the system energy H, and its boundary condition at H ¼ 0 is finite while

satisfies

pðHÞ; vpðHÞ=vHjH/∞/0 (34)
The stationary solution of Eq. (33) can be obtained analytically based on vpðHÞ=vt ¼ 0.

pðHÞ ¼ C
s2ðHÞ$exp

2
4Z H

0

2UðyÞ
s2ðyÞ dy

3
5 (35)

where C is the normalization constant and expressed to be
C ¼ 1

,Z ∞

0
exp

2
4Z H

0
2UðyÞ

.
s2ðyÞdy

3
5,s2ðHÞdH (36)
3.4. Electric power and stationary PDF estimation

Combining Eqs. (8) and (35), the expectation of the rectified voltage across the load resistance is predicted via integration
based on the probability density function pðHÞ.

EðvrÞ ¼
Z ð1�NHÞ2=4b

0

2AdðHÞ
2þ lp=udðHÞ

$pðHÞdH þ
Z ∞

ð1�NHÞ2=4b
2AcðHÞ

2þ lp=ucðHÞ$pðHÞdH (37)
Based on the assumption that the rectified voltage keeps near constant when relatively large filter capacitance is adopted,
the expectation of non-dimensional, harvested electric power is:

EðPrÞ ¼ E
	
v2r
1=l



¼ l$½EðvrÞ�2 (38)
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Recalling that the real, harvested electric power of the system in Eq. (1) meets Pr ¼ v2r =R, the relation of the real and non-

dimensional electric powers is thus given by Pr ¼ Pr,G
2x0un=Cp. Considering that the intrawell and snap-through vibration

regimes correspond to different system energy ranges [50], the accumulative probability of pðHÞ in the energy range of 0<

H � ð1� NHÞ2=4b and H � ð1� NHÞ2=4b, termed Fd and Fc, can thus be defined as state probability indicators to classify the
stationary probability of the stochastic vibrations being in the snap-through or intrawell states.

Fd ¼ Fj0<H�ð1�NHÞ2=4b ¼
Z ð1�NHÞ2=4b

0
pðHÞdH (39)

Z ∞

Fc ¼ FjH�ð1�NHÞ2=4b ¼

ð1�NHÞ2=4b
pðHÞdH (40)
Moreover, based on the stationary probability density function of the system energy, the stationary joint probability
density function of displacement x and velocity _x can be evaluated. In the intrawell vibration regime with the system energy

satisfying 0<H � ð1� NHÞ2=4b, the transformation from pðHÞ to pðx; _xÞ is one-to-two mapping for each H level based on the
theory of Stratonovitch [51]. Recalling that the two potential wells of the bistable harvester considered here are strictly
symmetric, the probability density in each well is thus assumed to be the same. This yields to the following approximate joint
probability density function for the displacement and velocity in the intrawell vibration regime.
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(41)
On the other hand, in the snap-through vibration regime with the system energy H � ð1� NHÞ2=4b, the transformation
from pðHÞ to pðx; _xÞ is one-to-one mapping for each H level and the joint probability density can thus be given as:
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Accordingly, the marginal probability density functions pðxÞ and pð _xÞ can be obtained as follows:

pðxÞ ¼
Z þ∞

�∞
pðx; _xÞd _x (43a)

Z þ∞

pð _xÞ ¼

�∞
pðx; _xÞdx (43b)
4. Experimental setup and system parameters

The system parameters utilized throughout the following analytical and numerical studies correspond to the experimental
system explored in this research. A piezoelectric cantilever with ferromagnetic beam substrate is used where the substrate
has length 135.83mm, width 12.70mm and thickness 0.51mm. Two attractive magnets spaced symmetrically around both
sides of the cantilever tip with their center-to-center distance of 23.81mm. As shown in Fig. 2, the steel beamwas cantilevered
horizontally to eliminate the gravitational influence on dynamic responses, and the primary generalized displacement is thus
the beam tipmotion. The combination of the elastic andmagnetic restoring forces exerts the beam tip, inducing the bistability
of the ferromagnetic beam. A piezoelectric patch of length 25.40mm and width 12.70mm was bonded to the beam surface
using silver epoxy (MG Chemicals 8831) with the patch center spaced from the cantilevered end by 32.00mm. The two
piezoelectric electrodes were then interfaced with a standard diode bridge-based rectifying electrical circuit in which the
filter capacitance and load resistance are adopted as 47mF and 100kU, respectively. Via adjusting the two magnets, the stable
equilibria of the beam tip are measured at x* ¼ ±6:6mm and the two intrawell natural frequencies are measured to be
27.64Hz and 27.15Hz, indicating that the configuration possesses close to ideally symmetric double-well potential. The
mechanical bistable oscillator was mounted on an electrodynamic shaker (APS ELECTRO-SEIS) of which the motion can be
exactly controlled by the National Instruments output channel through a LABVIEW software interface, as well as the input
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gain of the shaker. An accelerometer (PCB-352C33) is fixed at the end of the shaker to track the base acceleration. A laser
interferometer (Polytec OFV-3001, OFV-5000) is used to measure the vibration displacement and velocity of the bistable
beam at the point which was attached with a reflector and 39.69mm away from the free end of the beam. Measurements of
the rectified voltage across the load resistance and voltage drop through a diode were also acquired via the National In-
struments input channel.

To identify the system parameters, the free vibrations of the bistable beam were recorded when the piezoelectric elec-
trodes were interfaced directly with the load resistance R [18]. The relevant system parameters corresponding to the gov-
erning Eq. (1) were thus identified from measurements (e.g., the damping constant by the log-decrement method, or
capacitance bymulti-meter readout) or effective relations (e.g., the equivalentmass of a cantilevered beam fromRef. [52]) and
presented in Table 1. According to the non-dimension transformation relation in Eq. (2), the non-dimensional system pa-
rameters are thus calculated and listed in Table 2.

5. Numerical validation of the theoretical formulation

In this section, the system performances in stationary vibrations are statistically quantified using the theoretical formulas
under different noise acceleration densities, and the influences of system parameters on harvested electric powers are also
studied. To test the fidelity of the theoretical method developed, the theoretical predictions are compared with the direct
numerical simulation of the governing Eq. (3) using Milstein method under Gaussian white noise excitations [53]. In the
numerical integration of Eq. (3), an integration step-size of h ¼ 0:001 is set forMilstein calculations to ensure a high exactness
of the simulations, and a long time-interval dynamic responses withmore than 108 time samples are evaluated for estimation
of the PDFs of variables as well as the expectations of rectified voltage and harvested electric power.

5.1. Case study: PDFs of vibration variables, and harvested electric power

Two representative cases inwhich the dominant oscillating state of the bistable harvester is separately in the intrawell and
snap-through regimes are studied here to test the performance of the theoretical method on predicting the PDFs of the
variables. Fig. 3 shows the results from relatively weak random acceleration excitation with the intensity

ffiffiffiffiffiffiffi
2D

p
¼ 3:162�

10�2, in which (a, b) are respectively the PDF of system energy, and joint PDF of the displacement and velocity; (c, d) display
themarginal probability density of the displacement and that of the velocity, respectively. The solid curves in Fig. 3(a, c, and d)
denote the theoretical predictions, while the circles correspond to the numerical counterparts evaluated using the ksdensity
command in the MATLAB software. It is noted that the instantaneous system energy series for numerically evaluating its PDF
in Fig. 3(c) are calculated from Eq. (13) based on simulated displacements and velocities with the assumption that NH ¼ 0,
which exists for weak electromechanical coupling cases, and the numerical joint PDF in Fig. 3(b) are estimated in theMATLAB
software using the kde2d function developed by Botev [54].

Apparently, the notable pðHÞ locates in the range H<D with the theoretical prediction Fc ¼ 0 in Fig. 3(a), indicating that
the adoptedweak excitation acceleration strength is insufficient for overcoming the potential barrier of the bistable harvester.
That is unanimous with the symmetrically distributed pðx; _xÞ around the two stable equilibria in Fig. 3(b), as well as the
Fig. 2. Experimental system of a piezoelectric, bistable cantilever interfaced with a standard rectifying electrical circuit.

Table 1
Parameters of the experimental setup.

mass, m ½g� damping, d ½N,s=m� stiffness, k1 ½N=m� stiffness, k3 ½N=m3�
1.6 6.97�10�3 23.59 5.46�105

coupling, G ½N=V� piezo capacitance, Cp½F� filter capacitance, Cr ½F� resistance, R ½kU�
0.081�10�3 1.27�10�8 4.7�10�5 100



Table 2
Non-dimensional system parameters used throughout following analysis and numerical simulations.

parameter g b Q h l

value 0.0359 1 0.0219 3.7008�103 6.4688
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notable pðxÞ limited in the local potential wells shown in Fig. 3(c). Comparing with numerical PDFs, it is concluded that the
theoretical predictions are basically in very good agreement with simulation results. And the theoretically predicted har-
vested voltage EðvrÞ ¼ 0:01444 is as close to that from numerical simulation with mean value EðvrÞ ¼ 0:01276 and standard
deviation svr ¼ 0:001657. Additionally, deviation between theoretical and numerical PDFs is captured in Fig. 3(a) on pðHÞ near
at H ¼ 0 corresponding to the stationary vibration state of the harvester. The deviation results from the period averaging
operation in the theoretical method which locally smooths the dramatically increased, impulse-like PDF of the system energy
at H ¼ 0 (as the circles shown in Fig. 3(a)).

Considering that H ¼ 0 corresponds to the stationary vibration state where the harvester stays at stable equilibria with
null velocity _x≡0, the local inaccuracy of the theoretically predicted pðH ¼ 0Þ further affects the predictions of the variable
PDFs at a few localized positions, including pðxÞ at the stable equilibria, and pð _xÞ at _x ¼ 0, and pðx; _xÞ around the state ðx ¼ 0;
_x ¼ 0Þ, as shown in the insets of Fig. 3(c), (d) and (b), respectively. Conclusively, the averaging operation sacrifices the
prediction accuracy of pðHÞ at a very few locations, but leads to solvable and explicit expression of pðHÞ.

Fig. 4 shows the theoretical predictions with numerical simulation results of the harvester system driven by relatively
larger random acceleration with the intensity

ffiffiffiffiffiffiffi
2D

p
¼ 2:6886� 10�1. Different from the case in Fig. 3, the notable pðHÞ in

Fig. 4(a) mainly locates in the range H>D according to the logarithmic changes of the system energy, indicating that the
dominant oscillating states of the harvester are in the snap-through regimewhich is theoretically predicted to be Fc ¼ 73:30%
and evidenced by the apparently distributed trajectories of pðx; _xÞ outside the homoclinic orbit in Fig. 4(b), as well as the
notable pðxÞ span the two stable equilibria in Fig. 4(c). Considering the PDFs of the vibration variables, it is apparent that the
theoretical predictions correctly track the numerical results excepting at special locations as illustrated in the insets in
Fig. 4(b)e(d) due to the weakness of the theoretical method in predicting the pðHÞ at H ¼ 0. Additionally, a singular jump is
presented in Fig. 4(a) on the theoretically predicted pðHÞ atH ¼ Dwhich corresponds to the homoclinic orbit. This undesirable
deviation on the theoretical prediction is induced because the vibration state at H ¼ D owning infinite vibration period
doesn’t satisfy the presupposition of the stochastic averaging operation which requires the averaged variables are near
constant during the oscillation period. Through the tradeoff of the theoretical approach in predicting pðHÞ in two extremal
points of H ¼ 0 and H ¼ D, this studied case reveals that the theoretical method provides a good approximation of the
harvested rectified voltage in consideration of the predicted voltage EðvrÞ ¼ 0:11266 when compared with the simulated
average voltage EðvrÞ ¼ 0:1112.

5.2. Performances quantification with respect to noise acceleration excitation strength

To test the effectiveness of the proposed theoretical method on different noise intensities, a wide range of excitation
acceleration strength 0<2D � 0:5 is adopted in this study. The theoretical predictions of the rectified voltage, electric power,
and probability of the oscillation state in the snap-through regime in accompany with numerical counterparts are displayed
Fig. 3. Comparisons of theoretical predictions and numerical simulations on (a) probability density distribution of the system energy, (b) joint probability density
of the displacement and velocity, (c) marginal probability density of the displacement, and (d) marginal probability density of the velocity of the harvester system
driven by random acceleration excitation with intensity

ffiffiffiffiffiffiffi
2D

p
¼ 3:162x10�2 by which the dominant vibration states of the bistable harvester are in the intrawell

regime.



Fig. 4. Study case with the white noise excitation acceleration intensity
ffiffiffiffiffiffiffi
2D

p
¼ 2:6886� 10�1. Theoretical predictions and numerical simulations are compared

on (a) probability density distribution of the system energy, (b) joint probability density of the displacement and velocity, (c) marginal probability density of the
displacement, and (d) marginal probability density of the velocity.
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in Fig. 5(a) and (b), and (c), respectively, inwhich the solid curves denote the theoretical results. For the numerical simulations
as the circles shown in Fig. 5, those in (a) and (b) reveal the mean and standard deviation of the harvested voltage and power,
and those in (c) are statistical probabilities of the energies in the range H>D counting from the 108-sample-long instanta-
neous system energies which are pre-evaluated via Eq. (13) in which the relation of NH and H is approximated via theoretical
predictions described in Section 3.2.

It is revealed that the harvested power almost increases proportionally with the base acceleration strength, which is
corroborated from Fig. 5(a) in which the acceleration strength governs the rectified voltage in a quadric manner. From the
insets in Fig. 5(c), the notable pðHÞ spans a wider range in the area H>D under larger acceleration strength than that under
weaker strength, resulting to the gradually increased Fc which trends to finally stabilize at as close to 1. Although the
application of the stochastic averaging in principle confines to weak acceleration excitation [55], the theoretical results
predicted through stochastic averaging approach still possesses high precision even for relatively strong excitation acceler-
ation intensity.
5.3. Effects of system parameters

The dependence of the harvester performance on system parameters, including damping constant g, time constant l, and
coupling coefficient Q, are theoretically investigated and numerically validated here. Without special declaration hereafter,
the unmentioned system parameters are the same as those listed in Table 2. Adopting the noise strength of 2D ¼ 0:1, Fig. 6(a)
and (b) depict the rectified voltage and harvested power in a wide range of damping constant 10�5 � g � 10�1, respectively.
Both the harvested voltage and power monotonously decrease with increment of the damping constant, in consistent with
the gradually decreased Fc calculated from both theoretical and simulation methods. Moreover, the theoretical predictions of
the voltage and power are in good agreement with simulation results, exhibiting good robustness of the theoretical method
under different damping constants.

Fig. 7(a) and (b) show the dependence of the rectified voltage and harvested electric power on awide range of scaled time
constant 6:468� 10�2 � l � 6:468� 103 with the base acceleration strength fixed at 2D ¼ 0:12. Based on the non-
dimensional transformation formula in Eq. (2b) as well as an assumption that only the load resistance R varies with l, the
Fig. 5. Noise acceleration strength dependent (a) harvested rectified voltage, (b) extracted electric power, and (c) statistical proportion of oscillating states in the
snap-through regime. The diamond and triangle symbols denote the corresponding example cases in Fig. 3, and Fig. 4, respectively. The inserts in (c) show the
probability densities of the system energy when different excitation acceleration strengths drive the bistable harvester.
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influence of the resistive load on the harvested voltage and power are captured and displayed in Fig. 7(c) and (d), respectively.
Considering that the charging time for the electrical circuit getting into stationary state turns to be large for relatively low l, a
much longer simulation duration that producing 2.25�108-sample-long displacements and velocities are numerically esti-
mated, of which their mean values and standard deviations are further evaluated and shown via circles in Fig. 7. Recalling the
inverse proportional relation of the scaled time constant and load resistance, l and R exhibit inverse effects on the system
performance. With increment of the load resistance, the rectified voltage vr increases while its increment rate increases
initially and decreases afterwards, resulting to the convex-curve like harvested power Pr. Additionally, it is apparent that the
theoretical predictions by the proposed method accurately track the simulation counterparts and also effectively predict the
optimal parameters that inducing the highest extracted power.

From Fig. 7, it also reveals that the standard deviation of the rectified voltage in simulation is in positive correlation with
the mean value of the rectified voltage. The pentagon symbols in Fig. 7(a) denote the ratio of the standard deviation to the
mean value of the rectified voltages, and it shows that the ratio decreases initially and increases afterwards with increment of
the parameter l. To explain that phenomena, the probability of the stochastic vibrations being in the snap-through state, Fc, is
estimated from the simulated vibrations and denoted via triangle symbols in Fig. 7(b), and the trajectories of the simulated
rectified voltages under three different parameters l are shown in Fig. 8. The harvester oscillations contain randomvibrations
in single state and states switching. From Fig. 7(b), snap-through vibration is the primary vibration form while Fc decreases
with decrement of l, meaning that the states switching becomes frequently and thus the standard deviation becomes large.
Meanwhile, considering that the mean value of the rectified voltage increases while its increment rate increases initially and
decreases afterwards with decrement of l, the ratio of the standard derivation to the mean value decreases initially and
increases afterwards with decrement of l in Fig. 7(a).

To investigate the influence of the non-dimensional coupling constantQ on harvester performance and test the prediction
effectiveness of the proposed method, the rectified voltage and the harvested electric power are evaluated on awide range of
non-dimensional coupling Q varying from 3:337� 10�8 to 3:337 with the white noise density chosen as 2D ¼ 0:09, and are
shown in Fig. 9(a) and (b), respectively.

Fig. 9 reveals that the DC voltage and power keep near constant when Q is relatively small such as less than Q1, while
decreases with increment of Q afterwards. It is also found that the proposed method could track the trend of the harvested
voltage and power. For mild non-dimensional coupling constant such as less than and aroundQ1, the theoretical predictions
exhibit good agreement with numerical simulations. While for relatively large coupling constants such as around and larger
than Q2, the theoretically predicted voltage and power are finitely higher than those from simulations and their deviation
turns to be larger with increment of Q. To illustrate the causes of this estimation error, a mild coupling constant Q1 corre-
sponding to the experiment setup, in contrast with a relatively large coupling constant Q2, are adopted for analysis and
depicted using diamond and triangle symbols in Fig. 9, respectively. The JH resulted from Q1 and Q2, denoting the damping
effect of piezoelectric patch on harvester dynamics, are compared with the viscous damping constant g in Fig. 9(c). It is
observed that the JH from mild coupling Q1 is several-magnitude less than g, while that resulted from Q2 is two-order
magnitude higher than g which conflicts with the precondition of stochastic averaging method. Though the trade off in
Fig. 6. The dependence of (a) the rectified voltage and (b) harvested electric power on the viscous damping coefficient gwith 2D ¼ 0:1. The diamond and triangle
symbols denote the theoretically predicted state probability of the harvester in the snap-through regime Fc under each damping coefficient, and the statistically
evaluated counterparts from simulated responses, respectively.

Fig. 7. The dependence of non-dimensional (a) rectified voltage and (b) harvested power on the scaled time constant l with the base acceleration strength fixed
at 2D ¼ 0:12, and the influences of the load resistance R on (c) the rectified voltage and (d) harvested power across R evaluated from (a) and (b) when only R
varies with l.



Fig. 8. Trajectories of the rectified voltage simulated via the Milstein method, and the filled pentagon symbols indicate the cases with different parameter l in
Fig. 7: (a) l ¼ 0:2, (b) l ¼ 3:0 and (c) l ¼ 139:4.

Fig. 9. The dependence of non-dimensional (a) rectified voltage and (b) harvested electric power on the non-dimensional coupling constant Q with the base
acceleration strength chosen as 2D ¼ 0:09. The diamond symbol denotes a mild Q1 that is evaluated from the experimental structure, while the triangle symbol
denotes a large Q2 around and larger than which obvious deviation is presented between the theoretical prediction and stochastic simulation. (c) The corre-
sponding JH of Q1 and Q2 with respect to the mechanical energy H.
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prediction for relatively large coupling constant, the theoretical predictions correctly track the performance trend and are in
good agreement with numerical counterparts in a wide range of coupling constant.

6. Experimental investigation

To test the effectiveness of the developed theoretical approach, the energy conversion predictions are validated through
experiments conducted on the system described in Fig. 2 across a wide range of random acceleration strengths. Random
vibrations of the shaker with the frequency spectrum span in the range [0, 90Hz] are generated with tunable statistical
variance controlled via the gain of the shaker. The base acceleration is measured via the accelerometer with the sampling
frequency of 2048Hz, and the instantaneous acceleration signals are shown in Fig. 10. From Fig. 10(a), it is calculated that the
standard deviation of the base acceleration is 2.5027ms�2. According to the formulas that Erturk and Inman derived in the
equivalent lumped elementmodel from the realistic, continuous beam system [56], a correction factor is taken into account to
multiply the base acceleration density by 1.566, which results to the effective noise acceleration strength offfiffiffiffiffiffi
D0

p ¼ 3:9192ms�2 in the case.
To test the system performance under different excitation acceleration strengths, the gain of the shaker is chosen from a

linearly spaced range of 6 values over its whole tunable range, such that to generate 6 standard deviations of the base ac-
celeration. The effective noise acceleration strengths

ffiffiffiffiffiffi
D0

p
are measured to be 1:4697m=s2, 3:9192m=s2, 5:7814m=s2,

7:7254m=s2, 10:9186m=s2, and 15:3084m=s2, respectively. Under each acceleration level, two kinds of filter capacitances,
Cr ¼ 47mF and Cr ¼ 470mF, are individually and successively connected in the standard rectifying electrical circuit. The base
motion for each noise acceleration strength and filter capacitance is set to last for 40min, ensuring that the charging system
reaches statistically stationary and sufficient data are obtained for statistical estimation. After the data are recorded, the
expectation value of the rectified voltage is calculated as the sum of the averaged voltage across the load resistance and
voltage drop across the diodes during the stationary interval of the harvester motion from 120s to 2400s. Themean harvested
power is further evaluated from the instantaneous electric power Pr ¼ v2r =R during the same time interval for stationary
vibrations. Fig. 11(a) and (b), separately displays the experimentally measured mean rectified voltages and harvested electric
Fig. 10. Experimentally measured instantaneous (a) base acceleration and (b) rectified voltages. The triangle symbol denotes the noise acceleration strength offfiffiffiffiffiffi
D0

p ¼ 3:9192ms�2.



Fig. 11. Experimentally measured (a) rectified voltage and (b) harvested power of the bistable harvester interfaced with the standard rectifying electrical circuit
driven by different-intensity white noise excitation accelerations.
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powers accompanied with their statistical standard deviations from the interfaced system under different white noise ac-
celeration intensities, as well as the theoretically predicted counterparts from the developed stochastic averaging method.

The dashed (gray) lines in Fig. 11 locate the acceleration intensities where the theoretical predictions of the statistical
snap-through state probability Fc are 5%, 30% and 50%, respectively, indicating that the noise acceleration intensities span a
relatively wide range from non-dominant case of the statistical snap-through state with Fc <5% to the completely dominant
case of the statistical snap-through state with Fc >50%. Also, both experimental measurements and theoretical predictions
indicate that the harvested rectified voltage and electric power, as well as the statistical state proportion in snap-through
regime increase with increment of the acceleration excitation strength. Comparing the theoretical predictions with experi-
mental measurements, it reveals that their trends are in good agreement in the wide range of white noise acceleration in-
tensities. While obvious deviations are observed when the base acceleration intensity is relatively weak, which could be
explained by the difference of experimental and theoretical models when the voltage drop across the diodes is significant
compared with that across the load resistance. Additionally, the mean measurements from the two different filter capaci-
tances are found to be close to each other, while the standard deviation of measurements from larger filter capacitance Cr ¼
470mF remains smaller than that from smaller capacitance Cr ¼ 47mF under each base acceleration level, excepting for only
one experiment case of the highest excitation acceleration level, validating that relatively large filter capacitance is expected
to obtain near-constant harvested voltage and power for electronics in engineering applications.

7. Conclusion

To extract DC voltage from environment-like, random vibrations, a nonlinear electromechanical coupling system of a
bistable energy harvester interfaced with a standard rectifying electrical circuit is considered in this research. A theoretical
method is established to predict the stationary statistic dynamics and electrical energy harvesting performance of the
interfaced systemwhen driven bywhite noise accelerations, and numerical and experimental efforts are employed to validate
the theoretically derived insights. Two representative examples exhibit the effectiveness of the theoretical method on pre-
dicting the joint and marginal PDFs of the vibration variables, as well as the PDF of the system energy. Also, the probability of
vibration state in snap-through or intrawell regimes is estimated via interval integration of the PDF of system energy, and is
validated in good agreement with simulation counterpart under different base acceleration strengths. Moreover, the pro-
posed approach provides an effective tool to identify the effects of acceleration strength and system design parameters on the
energy harvesting performance. It is revealed that the noise acceleration excitation density governs the harvested electric
power in a nearly linear manner, and the probability of snap-through vibration state increases dramatically in the range of
moderate noise strength and remains almost constant around 0.9 for relatively large acceleration strength. The harvesting
performance is also dependent on the system damping constant, load resistance, and electromechanical coupling, while their
effects are different. The nondimensional rectified voltage and harvested power monotonically decrease with increment of
the damping constant, while remain near constant for moderate nondimensional coupling and decrease dramatically for
relatively large nondimensional coupling constant. Thus, there exists the optimal coupling constant and load resistance to
enlarge the harvested power, which could be evaluated via the proposed theoretical method. Additionally, despite the trade
off in predictive ability under relatively large nondimensional coupling, the proposed method is validated to provide good
predictions of the energy harvesting performance as compared with the numerical and experimental results.
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